HIGHER TYPE ADJUNCTION INEQUALITIES IN 
SEIBERG-WITTEN THEORY 

O 

^ . PETER OZSVATH AND ZOLTAN SZABO 

Abstract. In this paper, we derive new adjunction inequalities for embedded sur- 
faces with non-negative self-intersection number in four-manifolds. These formulas 
are proved by using relations between Seiberg-Witten invariants which are induced 
from embedded surfaces. To prove these relations, we develop the relevant parts of a 
Floer theory for four-manifolds which bound circle-bundles over Riemann surfaces. 
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1. Introduction 

In this paper, we prove certain adjunction inequalities, which give relations be- 
tween the Seiberg-Witten invariants of a four-manifold X and the genus of embedded 



surfaces in X. These results are generalizations of results from [12|, pi |, see 
■ also [O . 



The investigations center on a construction of an appropriate Seiberg-Witten-Floer 
functor for manifolds which bound circle bundles Y over Riemann surfaces (with 
sufficiently large Euler number), which relies on the calculations of f22|. Special cases 



of this theory were studied in |24| , where the authors used similar techniques to prove 



the symplectic Thorn conjecture. That problem requires an analysis of those Spin c 
structures over Y for which the Seiberg-Witten moduli space contains only reducible 
solutions, which simplifies the corresponding Floer homology. In this paper, we work 
out the theory in the other, more complicated cases. We will give more applications 
of these techniques in |23| . 



Before stating the results, we set up some notation. Let Xbea closed, connected, 



smooth four- manifold equipped with an orientation for which PO > (where 
b^{X) is the dimension of a maximal positive-definite linear subspace H + (X;W) of 
the intersection pairing on H 2 (X; R)) and an orientation for H l (X; R) © H + (X; R). 
Given such a four-manifold, together with a Spin c structure s, the Seiberg-Witten 
invariants (see [31], [JTTJ, [2B|) form an integer- valued function 



SW x y. A(X) — Z, 
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where A(X) denotes the graded algebra obtained by tensoring the exterior algebra on 
H\(X) (graded so that H\(X) has grading one) with the polynomial algebra Z[U] on 
a single two-dimensional generator. The invariants are constructed via intersection 
theory on the moduli space A4x(s) of solutions (A, $) modulo gauge to the Seiberg- 
Witten equations in s: 

(1) p(F+) = z{$,$}o-p(zr/) 

(2) If) A <$> = 0, 

where $ is a section of W + , A is a spin-connection in the spinor bundle W + of s, Jp A 
denotes the associated Dirac operator, p denotes Clifford multiplication, 77 is some 
fixed self-dual two-form, and {$, <J>}o is the usual quadratic map (see [[JT|]). Note that 
the invariants are zero on homogeneous elements whose degree is not d(s), where 

d{s) = c 1 ( S ) 2 -(2 X (X)+3a(X)) 

denotes the formal dimension of the moduli space A4 x (s). When b^X) > 1, SWx 
is a diffeomorphism invariant of the four-manifold; when b^X) = 1, the invariants 







depend on a chamber structure (see |T{|, p4|). There are two distinguished chambers 
corresponding to the two components of JC(X) = {uj G if 2 (X;R) — | u 2 > 0}. 
Given a component /C of /C(X), the corresponding invariant (still denoted SWx, s ) 
is calculated using the moduli space of solutions to the Seiberg-Witten equations 
perturbed by any generic self-dual two- form 77, provided that the sign of — 2nci(s) ■ 
u g + J x r] Au g agrees with the sign of 7 • u g , where 7 is any class in /C , and u g ^ 
is a harmonic (with respect to the metric g), self-dual two-form over X. Note that 
SWx,s is a diffeomorphism invariant of X (and the component /Co). 

Those Spin c structures s for which the invariant SWx, s is non-trivial are called 
basic classes. 

Our results are easiest to state when bi(X) = 0, where we have the following. 

Theorem 1.1. Let X be a smooth, closed, connected, oriented four-manifold with 
b^{X) > and b\{X) = 0, and let £ C X be a smoothly- embedded surface with genus 
g(£) > representing a non-torsion homology class with self-intersection number 
[S] • [S] > 0. Ifb^X) > 1, then we have the following adjunction inequality 

|( Cl (s), [E])| + [E] ■ [E] + 2d(s) < 2<?(E) - 2, 

for each basic class s G Spin c (X). Furthermore, when b^(X) = 1, for each basic 
class s of X for the component of K,(X) which contains PD[E] with 

-( Cl ( S ),[E]) + [E].[E]>0, 

we have an inequality 

-< Cl (s), [E]> + [E] • [E] + 2d(s) < 2.7(E) - 2. 



HIGHER TYPE ADJUNCTION INEQUALITIES IN SEIBERG-WITTEN THEORY 



3 



Remark 1.2. The above theorem should be seen as a refinement of the adjunction 
inequality proved by Kronheimer-Mrowka and Morgan- Szabo-Taubes (see [pfl , |[21|| ; 
P| ). Analogous results for immersed spheres were obtained by Fintushel and Stern, 
see 0. 

In fact, Theorem follows from a more general version. To state this, note first 
that an inclusion i : E — > X induces a map 

z*: A(E) — ► k{X). 

Theorem 1.3. Let X be a smooth, closed, connected, oriented four-manifold with 
b^{X) > 0. Let E C X be a surface with genus g(S) > representing a non-torsion 
homology class with self-intersection number [E] ■ [E] > 0. Let I be an integer so 
that there is a symplectic basis {A,-, Bj}^ =1 for Hi(E) so that i*(Aj) = in Hi(X; R) 
for i = 1, ...,£. Let a G A(X) and b G A(E) be an element of degree d{b) < £. If 
fcj~(X) > 1 then for each Spin c structure s so that SWx )S ( a 4 i*(b)) is non-zero, we 
have 

|( Cl ( S ) ) [E])| + [E]-[E] + 2 C ?(6)<2^(E)-2. 

Furthermore, when b% {X) = 1 then for each Spin c structure s of X with 

-( Cl (s), [E]) + [E] ■ [E] > 0, 

for which SWx, s ( a • i*(b)) is non-zero, when calculated in the component of JC(X) 
containing PD[E], we have an inequality 

(3) -( Cl (s), [E]) + [E] ■ [E] + 2d{b) < 2g(E) - 2. 

The Adjunction Inequality (§) does not hold without homological restrictions on 
X, as we can see by looking at the ruled surface X = S 2 x E. In general, one can 
obtain only a weaker inequality (losing the factor of 2 on the dimension d(b)), as 
follows. 

Theorem 1.4. Let X be a smooth, closed, connected, oriented four-manifold with 
b^iX) > 1. Let E C X be a surface with genus g(S) > representing a non- 
torsion homology class with self-intersection number [E] ■ [E] > 0. Let a G A(X) and 
b G A(E). If b^iX) > 1 and if SWx lS (a • i*(b)) is non-zero for some b G A(E) of 
degree d(b), then we have 

|( Cl ( S ),[E])| + [E]-[E]+d(6)<2^(E)-2. 

Ifb^iX) = 1 and s is a Spin c structure with 

-< Cl ( S ),[E]) + [E]-[E]>0, 

for which SWx, s { a ' i*{b)) is non-zero, when calculated in the component of JC(X) 
containing PD[E], then we have 

(4) -< Cl (s), [£]) + [E] ■ [E] + d(b) < 2g{Yi) - 2. 
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Remark 1.5. Adjunction inequalities for surfaces of positive square in Donaldson's 
theory were first obtained in the influential paper of Kronheimer and Mrowka (see |13| ) 



These inequalities were strengthened under similar, but more restrictive, hypotheses 
in their preprint jnj; see also ||. The conjectured relationship between the Don- 
aldson and Seiberg-Witten invariants gives a correspondence between the adjunction 
inequalities arising in these two theories. For more on this correspondence, see 
0, @ ; §, & and@. 



Theorem |1.3| follows from a relation which holds for embedded surfaces with arbi- 
trary self-intersection number. This relation can be viewed as a generalization of the 
relation appearing in [p^| . Once again, we begin by stating the case when bi(X) = 0, 



in the interest of exposition. 

Theorem 1.6. Let X be a smooth, closed, connected, oriented four-manifold with 
b\(X) = 0, and let E C X be a smoothly embedded surface with genus #(E) > 0. 
Then, for each Spin c structure s with 

-< Cl ( S ),[E]) + [E].[E]>0 

and 

-< Cl (s), [E]> + [E] ■ [E] + 2d(s) > 20(E) - 2, 

we have 

SW x>5 {U d ) = SW x , s - PD[n (U d '), 

where d and d' denote the dimensions of s and s — PD[E] respectively. In the case 
where b^X) = 1, both invariants are to be calculated in the same component of 
K{X). " 

More generally, we have the following. 

Theorem 1.7. Let X be a smooth, closed, connected, oriented four-manifold with 
b^{X) > 0. Let E C X be a surface with genus g(E) > 0. Let £ be an integer so that 
there is a symplectic basis {Aj, Bj} 9 j =1 for i^i(E) so that i*(Aj) = in Hx(X;M) for 
i — 1, ...,£. For each Spin c structure s with 

-< Cl (s),[E]> + [E]-[E]>0 

and each b e A(E) of degree d(b) < i with 

(5) -< Cl (s), [E]) + [E] ■ [E] + 2d(b) > 2g{T) - 2, 

there is an element b' G A(E) with d(b') > d{b) so that for any a e A(X), we have 

(6) SW x , s {a ■ U(b)) = SWx,,_p D [E](a ■ i*(b')). 

Furthermore, ifb = U d ^ 2 , then b' — \J d 'l 2 lies in the ideal generated by -f^i(E) in A(E). 
Once again, in the case where b^X) = 1, both invariants are to be calculated in the 
same component of K,{X). 
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Theorem |1.3| is a simple consequence of Theorem |1.7|, as the following proof shows 



Theorem |1.7| =>- Theorem |1.3| . Suppose Theorem |1.3| were false; i.e. suppose there 
were X, E, s, a, and b which satisfy the hypotheses of the theorem, but which violate 
Adjunction Inequality (|3]). We can assume without loss of generality that 

-< Cl ( S ),[E]) + [£].[E]>0, 

by reversing the orientation of E if necessary (when b^X) > 1). Thus, Theo- 
rem |1.7| applies. Let V be the element which satisfies Relation (|6]), so we have that 
SWx, s -pD[E](a • i*(b')) 7^ 0. Since d{b) and d{b') are homogeneous elements with 
the same degree modulo two, and d(b') > d(b), it follows that we can find elements 
a' G A(X) and b" G A(£) with d{b") = d{b), and SW X}3 -pvm(a' • i*(b")) ± 0. Now, 
since [E] • [E] > and d(b") = d(b), we see that E also violates the adjunction in- 
equality for s — PD[E], a' G A(X), and b" G A(E). Proceeding in this way, we see 
that s — nPD[£] is a Seiberg-Witten basic class for all n > 0. If b^{X) > 1, then 
there are only finitely many basic classes of X, so since E is not a torsion class, we 
get a contradiction, proving Theorem |1.3j in this case. 

The above argument works also when b^{X) = 1, since there are still only finitely 
many basic classes of the form s— nPD[£] in the chamber corresponding to PD[E]. We 
see this as follows. Fix a metric g on X and a generic self-dual two- form t]. Clearly, 
if s is fixed and n is sufficiently large, the sign of PD[E] • uo g agrees with the sign of 
— 27rci(s — raPD[E]) • uj g + J r\ A oj g \ i.e. for all large n, the ^-perturbed moduli spaces 
for s — nPD[E] can be used calculate the invariant in the component which contains 
PD[E]. But the usual compactness argument shows that all but finitely many of these 
moduli spaces are empty. Again, we have the contradiction completing the proof of 



Theorem 1.3. □ 



By blowing up, Theorem |1.7| is reduced to the case where the self-intersection 
number of E is sufficiently negative. The theorem is then proved by expressing the 
Seiberg-Witten invariants of a four-manifold with such an embedded surface E in 
terms of relative invariants, which take values in a Seiberg-Witten-Floer homology 
associated to non-trivial circle bundles over E. In the presence of the topological 
hypotheses on the inclusion of -ffi(S) in Hi(X), the above relation then follows from 
properties of this Floer homology. 

The outline of this paper is as follows. In Section we give examples which show 
that the adjunction inequalities are sharp. Our examples include four-manifolds 
with b~£ (X) = 1, and also examples where both b^(X) > 1 and bi(X) > 0. In 
Section |, we show how Theorem [L7| can be deduced from properties of a product 
formula, which relates the Seiberg-Witten invariants of a four-manifold containing 
an embedded surface with sufficiently negative self-intersection number with certain 
relative invariants associated to X — E. For completeness, we also show how a 
modified version of Theorem |LT7| implies Theorem |1.4j . In Section [| we review the 
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gauge theory for circle bundles over Riemann surfaces as developed in p2f . There is 
one Spin c structure in which the moduli space of reducibles has singularities (to which 
we return in a later section). In Section |5|, we prove the product formula introduced 
in Section |3|, assuming technical facts about the moduli spaces over N, the tubular 
neighborhood of S. In Section |6|, we define an invariant with irreducible boundary 
values and use properties of this relative invariant to analyze the terms appearing in 
the product formula, completing the proof of Theorem |1.7| . In Section [7], we prove the 
technical facts about the moduli spaces over N which were used in earlier sections. 
In Section |], we show how to extend the results of Sections [| and ^ to deal with 
the remaining Spin c structure. Finally, in Section || which should be viewed as an 
appendix, we discuss representatives for the cohomology classes used throughout the 
paper. 

Acknowledgements. The authors wish to thank Vicente Munoz for his very 
helpful comments on an early version of this paper. 
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2. Examples 

We give some examples now of four-manifolds X which admit basic classes of non- 
zero dimension. We begin by giving examples where b^(X) > 1 and bi(X) > 0, to 
show that the adjunction inequality in Theorem |1.3| is sharp. (It is an open problem 
whether manifolds with b^X) > 1 and b\{X) = can admit basic classes of non-zero 
dimension.) 



2.1. Examples of Theorem |1.3| with b% (X) > 1. To construct these examples 



we use the following construction. 

Definition 2.1. Let X be smooth four-manifold and let S C X be an embedded 
two-sphere with zero self -inter section number. Let X' denote a manifold obtained as 
surgery on S; i.e. 

X' = (X - nd(S)) U S 1 x D 3 , 

where nd(S') is an open tubular neighborhood of S and <fi: d(X — nd(S')) — > S 1 x S 2 
is a orientation-reversing diffeomorphism. Note that up to isotopy there are two 
possible choices for </>. Let C C X' denote the closed curve which is the core of the 
added S 1 x D 3 . Note that there is a diffeomorphism X — S = X' — C . 



Proposition 2.2. Let X be a closed, smooth, oriented four-manifold with b%(X) > 
1, and let S C X be a homologically trivial embedded two-sphere. For each Spin c 
structure s on X , there is a unique induced Spin c structure s' on X' with the property 
that 

s\x-s = s'\x'-c- 
Then, d(s') = d(s) + 1; and for all a e A(X) 

SW x ,j(a-ix(C)) = SW XiS (a), 

for some homology orientation on X' . 



Proof. The dimension statement is straightforward. 

To prove the relation, we pull X apart along S 1 x S 2 = d nd(5), and study the 
corresponding moduli spaces (see Section |5| for more discussion on such matters). 
Let X Q denote the complement X — S, given a cylindrical-end metric modeled on the 
product metric [0, oo) x S* 1 x S 2 , where S 2 is given its standard, round metric. Note 
that this metric can be extended over both S 1 x D 3 and D 2 x S 2 to give metrics 
with non-negative scalar curvature. Consequently, the moduli spaces of solutions 
over S 1 x S 2 , S 1 x D 3 , and D 2 x S 2 consist entirely of smooth reducibles (i.e. the 
moduli spaces are identified with S 1 , S 1 , and a point respectively). 

Let Aix ( s o) denote the moduli space of finite energy solutions to the Seiberg- 
Witten equations over X in the Spin c structure s = 5 \x - Thus, we can think of 
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the boundary map as a map 

P- Mx Q (so) — ► S 1 . 
Gluing theory gives a diffeomorphism for all sufficiently large T > 0: 



M X (T)(s) = p \x ), 



where X(T) denotes the metric on X with neck- length T and x G S 1 corresponds 
to the unique reducible on S 1 x S 2 which extends to D 2 x S 2 . Consequently, 



since //(C) is represented by the holonomy class around C (see Proposition |9.1| ). 
Similarly, gluing gives a diffeomorphism of 



Remark 2.3. Of course, the above result also holds when b^(X) = 1, provided that 
both invariants are evaluated in the same chamber. 

Now we construct our examples. Fix natural numbers n, k, and m with 2k > n > 1, 
and let X be the four-manifold E(n)#m(S 3 x S* 1 ), where E{n) is a simply-connected 
elliptic surface with no multiple fibers and with geometric genus n— 1. Let S C E(n) 
denote a symplectic submanifold representing the homology class S + kF, where S 
and F denote the homology classes of a section and a fiber respectively of the elliptic 
fibration. Let T ; C I denote a fiber in the elliptic fibration of the i th summand 
S 3 x S 1 . Let S C X denote the internal connected sum of T l0 #F 1 #...#F m . Note 
that = k + m and E • E = 2/c — n > 0. Let 5 be the Spin c structure over 

X induced from the canonical Spin c structure on E(n), and let b = A(E) be the 
product B\ ■ ... ■ B m where Bt e Hi(X) generates Hi of the i th copy of S l x S 3 . Note 
that = m and E has a symplectic basis {A{, Bi}**™ for which Ai,...,A m are 
homologically trivial in X. By Proposition [2.2| , 



(7) 



SW x , B {a) = (M Xo (s ),ii(a)U /1(C)) 



Mx (s )=M X i(T)(s'), 



and consequently 

(8) SW X 'A a ■ °) = (M Xo (s ),K°> • C)). 

Together, Equations (0) and (§) prove the proposition. 



□ 




which shows that the inequality of the theorem is sharp, for all choices of g(S) > 0, 
E ■ E > 0, and d(b). 
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2.2. Ruled Surfaces: The Homological Hypotheses on i/"x(£). By looking at 
ruled surfaces, we show that Inequality (^) is sharp, and hence that some homological 
hypotheses are necessary for the stronger inequality (which appears in Theorem |1.3| ) 
to hold. 

As mentioned before, one cannot hope for the adjunction inequality of Theorem |L3 
to be valid without additional topological hypotheses on the inclusion of £ in X. 
Indeed, fix n > and g > 0, and let X be the two-sphere bundle over a surface £ 
of genus g, associated to the circle bundle with Euler number n. In particular, X 
contains an embedded copy of £ with £ • £ = n. In the chamber corresponding to 
PD[£], there is a zero-dimensional basic class So with Ci(so) = —Kx, where Kx is 
the canonical class of X viewed as Kahler manifold. Moreover, letting F be the class 
of the two-sphere fiber in X, we see that the moduli space associated to So + <iPD[F] 
is identified with Sym d (£), and U is the symmetric product of the volume form of 
£ (see Proposition |6.10| for a related discussion). Thus, if s = So + c?PD[F], then 
SW s {U d ) ^ 0, and 

( Cl (s), [£]) = 2d. 

Clearly, Adjunction Inequality [l]4| is sharp for all values of k, d, n, and g provided 
that — n < k, where k = (ci(s), [£]), 2d = d(b), n = £ • £, and g = g(£). (This 
construction, strictly speaking, only gives us even values of d(b). For odd values, one 
can attach an S 1 x S 3 .) In particular, we see that some homological criterion on the 
embedding of £ C X is necessary for the stronger Inequality (H) to hold. 
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3. From Product Formulas to Relations 

The aim of this section is to outline the proof of Theorem |1.7| . By employing the 
blowup formula in a manner analogous to |24]] , we reduce to the case where the self- 
intersection number of £ is very negative (Proposition |3.1| ). The invariants in this 
latter case are studied via a product formula, which we state (and prove in Section ^|), 
whose terms are then related with other Seiberg-Witten invariants of X. In the end 



of the section, we discuss the modifications which are needed to prove Theorem |L4 
We reduce Theorem [L7| to the following special case. 

Proposition 3.1. Theorem holds, under the additional hypothesis that 

0<-(ci(s), [£]) + [£]•[£] <2#(£)-2 and -[£] ■ [£] > 2g - 2. 

The reduction involves the following basic result of Fintushel and Stern. 



Theorem 3.2. (Blowup Formula) J7j and | 26| . Let X be a smooth, closed four- 
manifold, and let X = X^CP denote its blow-up, with exceptional class E £ 
H 2 (X]Tj). If b\ [X) > 1, then for each Spin c structure s on X with d(s) > 0, 
and each a E A(X) = A(X), we have 

SW x ~(a) = SW x , s (U m a), 

where s is the Spin c structure induced on X obtained by restricting s, and 2m = 
d(s) — d(s). If b^X) = 1, there is a one-to-one correspondence between compo- 
nents of Q + (X) and Q + (X), and the above relation holds provided both invariants 
are calculated in chambers associated to corresponding components. 

Before showing how to reduce Theorem |1.7| to the special case, we point out that 



another special case of Theorem 1.7 was already proved in Theorem 1.3 [24]. More 



specifically, the following was shown: 



Theorem 3.3. J24J Let X be a smooth, closed, connected, oriented four-manifold 
with b^{X) > 0. Let £ C X be a surface with genus (?(£) > and negative self- 
intersection. For each Spin c structure s with 

-< Cl (s), [£]} + [£]•[£] > 20(E)- 2, 
there is an element b' e A(E) so that that for any a 6 A(X) ; we have 

SW x , s (a) = SW x>3 „ mn (a ■ i*{b')). 
Furthermore, b' — JJ d ' I 2 lies in the ideal generated by -ffi(S) in A(E). 



Remark 3.4. In the language of Theorem \1. % this case corresponds to £ = and 
b= 1. 
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Proposition |3.1| =>- Theorem |1.7| . Let g = ^(E), fix an integer m with 

m > [E] • [E] +2g-2, 

let X = X^mCP 2 , and let £ be the "proper transform" of E, the embedded surface 
obtained by internal connected sum of E with the m exceptional spheres in the CP 
summands; i.e. 

PD[E] = PD[E] - £1 - ... - E m . 

Finally, let s denote the Spin c structure on X which agrees with s in the complement 
of the exceptional spheres, whose Chern class satisfies 

ci(s) = ci(s) -E x - - E m . 

It is easy to check that: 

-[£]•[£] = m-[E]-[E] > 2(/-2, 
-< Cl (5),[E]> + [E]-[E] = -< Cl ( S ),[E]> + [E].[E]; 
d{s) = d(s). 

Now, if 

-{ Cl (s),[E]) + [E]-[E]>20, 

the hypotheses of Theorem p.3| are satisfied; and otherwise, the hypotheses of Propo- 
sition |3.1| are. In either case, for each b 6 A(E) of degree d(b) < £, we can find 
b' e A(E) with 

(9) SW^ia ■ i,(6)) = W^3_ PD[g] (a • i*{b')). 
According to the blow-up formula, 

(10) 3Wjtd a ' = sw *,*( a ■ ^W); 

and, since s — PD[E] agrees with s — PD[E] away from the exceptional spheres and 

ci(s - PD[E]) = ci(s - PD[E]) - Si - ... - E m , 
we see from another application of the blowup formula that 

(11) SW^_ mn (a ■ z*(fc')) = SW XtS - PD[n (a ■ i*(b')). 

Theorem |T]7] then follows by combining Equations ([]), (|T^) and (|TTJ) . □ 

We now turn to the special case considered in Proposition |3J]. We will study the 
Seiberg-Witten invariant of X by decomposing it into two pieces 

X = NU Y (X-N), 

where Y a circle bundle over E (as in the proposition), and N is the associated 
disk bundle. Following [22], the moduli space of Seiberg-Witten monopoles over 
Y decomposes into an irreducible and a reducible component. (Actually, there is 



12 PETER OZSVATH AND ZOLTAN SZABO 

one Spin c structure over Y, where it is necessary to perturb the equations for this 
decomposition to occur; this perturbation is studied Section §.) Correspondingly, 
we construct relative invariants of X — £, denoted SW^ rr and SW^ ed , arising from 
the I? moduli spaces onX-S with irreducible and reducible boundary values. In 
Section [| (see Lemma |5.6| , and the discussion following it), we prove the following: 

Proposition 3.5. Suppose 

0<-(ci(s),[£]) + [E]-[£] <2#(£)-2 and -[£] • [£] > 2g - 2. 

Then, 

sw x , s = swi rr + SW r s ed . 

We can interpret the latter invariant in terms of the closed manifold as follows. 

Definition 3.6. Let £ be a surface of genus g, and let {Ai, Bi}f =1 be a standard 
symplectic basis for i?i(E;Z). For j = 0,...,g, let £j([E]) G A(E) be the degree 2j 
component of 

9 

Hfl + U + Ai-Bi) G A(E); 
»=i 

i.e. Co = 1, Ci(E) =gU + J2Ai'B*, U^) = UUi (u + A, ■ B^j . 

Proposition 3.7. Suppose 

< — (ci(s), [£]) + [E] ■ [E] < 2g(£) — 2 and -[£] • [E] > 2g - 2. 
Then, letting 

p _ n 1 | (c^), [£])-[£]■[£] 

9 + 2 
5ty; ed (a) = SWx, s _ PD[s] (a ■ C- 1 - e ([E])) 

/or a// a G A(X). 



Furthermore, under the homological condition of Theorem |1.7| , we will express 
SW % s rr in terms of SWx, 8 -pr>m, as follows. 

Proposition 3.8. Suppose 

< — (ci(s), [E]) + [E] ■ [E] < 2o(E) — 2 and -[E] ■ [E] > 2g - 2, 

and let £ be an integer so that there is a symplectic basis {Ai, Bi}f =1 for -£/i(£) so 
that i*(Ai) = in Hi(X;M.) for i = 1, ...,£. Then, for each b G A(E) of degree 
e < d{b) < i, there is an element b" G A(E) so that 

SW l s rr {a ■ U(b)) = SW s - PD|s] (a • «<.(&"))■ 
Furthermore, 62 lies in the ideal generated by -ffi(E) in A(E). 
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The proof of Proposition |3]8] is given in the end of Section |6|. 

Proposition |3J] follows immediately from Propositions |3.5| - |3.8[ In the proof of 
these latter propositions, we will construct a natural Seiberg-Witten-Floer functor 
for four-manifolds which bound Y. 

Before proceeding, we pause to tie up one more loose end: Theorem |1.4| . That result 
can be reduced to a relation which replaces Theorem |1.7| , using the same argument 
given in the proof of Theorem |1.3| . The relevant relation in this case is: 

Theorem 3.9. Let X be a smooth, closed, connected, oriented four-manifold with 
b^iX) > 0. Let E C X be a surface with genus g(E) > 0. For each Spin c structure 
s with 

-< Cl (s),[E]> + [E]-[E]>0 
and each b G A(E) of degree d(b) with 

(12) -( Cl (s), [£]) + [E] • [E] + d(b) > 2<7(E) - 2, 

there is an element b' G A(E) with d(b') > d(b) so that for any a G A(X) ; we have 

(13) SWxjifl ■ i*(b)) = SW x ^ mn (a ■ i,(&0). 

Furthermore, ifb = U d , then b' — U d lies in the ideal generated by -f^i(S) in A(E). 

Once again, via the blowup formula, this relation can be reduced to the case where 
the self-intersection number E is very negative; i.e. 

< — (ci(s), [E]) + [E] • [E] < 2g(E) — 2 and -[E] - [E] > 2g - 2. 

(compare Proposition |3.1|) . Like Proposition |3.1| , this special case also follows from 
the product formula in Proposition 3J3, the relation in Proposition 3/7, together with 
the following analogue of Proposition |3.8| (whose proof is also given in the end of 
Section H): 

Proposition 3.10. Suppose 

< — (ci(s), [E]) + [E] ■ [E] < 2g(E) — 2 and -[E] • [E] >2g — 2. 
Then, for each b G A(E) of degree 2e < d(b), there is an b" G A(E) so that 

SWl rr {a ■ i,(6)) = SW s „ mq (a ■ i*{b")). 
Furthermore, b" lies in the ideal generated by i^i(E). 
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4. Gauge theory onRx7 
The Seiberg-Witten moduli spaces over Y and MxF were studied for Seifert fibered 



three-manifolds Y in p2[ . We summarize these results here, for Y a circle-bundle 
over a Riemann surface £ with g(T0) > and Euler number — n, where n > 2g — 2. 

Y admits a canonical Spin c structure whose bundle of spinors is C © tt*(Ke~ ), 
which we use to identify the Spin c structures on Y with H 2 (Y; Z) = Z 29 © Z/nZ. 

Let A/y(t) denote the moduli space of solutions to the Seiberg-Witten equations 
over Y in the Spin c structure t. Here, we use the metric gy and SO (3)-connection 
over TY of P^ . Given a pair of components Ci, C 2 in JVy(t), let .M(Ci, C 2 ) denote 
the moduli space of solutions [A, $] to the Seiberg-Witten equations on R x K for 
which 

lim [A,$]| {t}xy e Cx, and lim[A,$]| mx y e C 2 . 

This moduli space admits a translation action by R. Let ^(Ci,^) denote the 
quotient of .M (61,62) by the translation action. 

In general, these spaces admit a Morse-theoretic interpretation. If ci(t) is a torsion 
class, there is a real- valued functional 

CSD : B(Y, t) — > R 

defined over the configuration space i3(Y, t) of pairs (5, of spin-connections B 
in t and spinors \l/ modulo gauge. The critical manifolds are the moduli spaces 
Af(Y;t). When ci(t) is not torsion, the functional is circle- valued. The Seiberg- 
Witten equations onlx7 are the upward gradient-flow equations for this functional. 
In keeping with this interpretation, we call JM.{Cx,C%) the space of unparameterized 
flows from C\ to C%. 

Theorem 4.1. ('||22|| / ) Let Y be a circle-bundle over a Riemann surface with genus 
g > and Euler number —n < 2 — 2g. The moduli space A/y(t) is empty unless t 
corresponds to a torsion class in if 2 (F;Z). So, suppose t corresponds to e G Z/nZ C 
H 2 (Y;Z). 

(1) If < e < g — 1 i/ien A/y(t) contains two components, a reducible 
one J , identified with the Jacobian torus if 1 (S;M/Z), and a smooth irre- 
ducible component C diffeomorphic to Sym 6 (S). Both of these components 
are non- degenerate in the sense of Morse-Bott. There is an inequality 
CSD (J) > CSD(l7) ; so the space M(J,C) is empty. The space M(C,J) 
is smooth of expected dimension 2e; indeed it is diffeomorphic to Sym e (E). 

(2) If g — 1 < e < 2g — 2, the Seiberg-Witten moduli spaces over both Y and 
R x Y in this Spin c structure are naturally identified with the correspond- 
ing moduli spaces in the Spin c structure 2g — 2 — e, which we just described. 
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(3) For all other e 7^ g — 1, A/y(t) contains only reducibles. Furthermore, it 
is smoothly identified with the Jacobian torus. 

In the Spin c structure corresponding to g — 1 G Z/nZ, the unperturbed Seiberg- 
Witten equations used in Theorem |4.1| are inconvenient, since the corresponding re- 
ducible manifold is not smooth in the sense of Morse-Bott. To overcome this difficulty, 
when working in this Spin c structure, we use a perturbation of the equations where 
the theory resembles the case where < e < g — 1 (and, in particular, the reducibles 
are smooth). A thorough discussion of the perturbation is given in Section §. 
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5. The Product Formula 

In this section, we define two quantities, SW irr and SW red , and prove that the 
Seiberg-Witten invariant decomposes into a sum of these (Propostion |3.5| ). Further- 
more, we express SW red in terms of another Seiberg-Witten invariant of X (Propo- 
sition |3.7| ). 

Decompose X as 

X = N U y X , 

where Y is unit circle bundle over £ with Euler number — n, with n > 2g — 2. N is 
a tubular neighborhood of the surface S (which is diffeomorphic to the disk bundle 
associated to Y), and X is the complement in X of the interior of N. Fix metrics 
9x , 9n, and gy for which g Xo and are isometric to 

dt 2 + g\ 

in a collar neighborhood of their boundaries (where t is a normal coordinate to the 
boundary). Let X(T) denote the Riemannian manifold which is diffeomorphic to X 
and whose metric gx is obtained from the description 

X(T) = N U dN={ _ T}xY [-T, T] x Y U {T}xY= . 9Xo X o] 

i-e. g T \N = 9n, 9t\[-t,t]xy = dt 2 + g Y , and g T \ Xo = gx - Our goal here is to provide, 
for all sufficiently large T, a description of the moduli space Mx(t)(s) on X(T) in 
terms of the moduli spaces for Y, A/y(s|y), and the finite-energy, cylindrical-end mod- 
uli spaces associated to X and N, denoted M.x (s\x ), and Mm^n) respectively. In 
this context, finite energy means that the total variation of the Chern-Simons-Dirac 
functional over the infinite cylinder is bounded. Henceforth, Xq and iV will denote 
the cylindrical-end manifolds obtained by attaching [0, oo) x Y (with appropriate 
orientations) to the corresponding subsets of X. 

In the case where b^{X) = 1, we choose the perturbing form rj to be compactly 
supported in X in such a way that 



-27TCi(s) • Woo + / 

JXq 

has the same sign as 7 • Uoo, where 7 is a compactly supported representative for a 
class in the chosen component /Co C JC(X), and Uoo is a self-dual harmonic two-form 
over Xq with J Xq A = 1. Note that such a 7 and can be found since 
£ ■ S < 0, forcing 6^(X ) = 1 (see |T|). Now, the moduli spaces of the //-perturbed 
Seiberg-Witten equations over X(T) calculate the invariant in the chosen chamber 
for all sufficiently large T. 

We collect useful facts about the moduli spaces A4n(s\n), most of which we defer 
to Section [7] (see also |24|), but first we introduce some notation. The map 

Spin c (iV) -> Z 
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given by 

* -><<*(«),[£]) 

induces a one-to-one correspondence between Spin c structures and integers which are 
congruent to n modulo 2. Note that the Spin c structure over Y s\y corresponds to 
the mod n reduction of 

( Cl ( B ),[S]) + n 



appearing in Theorem ^71 



By taking limits at the end of the tube, one can define maps 

p: Mn(s) > Af Y {s\ Y ) and p: M Xo (s) >A/y(s|y) 

(see pO| ). If (7 is a connected manifold of AV(s|y), then .Mjv(.s, C) and .Mx (s, C) 
denotes the pre-image of C under p. Throughout the following discussion, we will 
use the perturbation discussed in Section ||over X Q , N, and Y, when s|y corresponds 
to e = g — 1 (in the notation of Section f|); i.e. in this case, A/y(s|y), .Mjv(s) and 
-Mx ( 5 U ) wm denote the perturbed versions of these moduli spaces, with pertur- 
bation parameter u in the range < u < 2, in the notation of Section [8]. (We will 
show in Section |8| that this is an allowable perturbation to use when b%{X) = 1; 
i.e. we are computing the Seiberg-Witten invariants in the correct chamber.) When 
they are clear from the context, we leave the Spin c structures out of the notation. 
Note that on the cylinders, the analogous boundary value maps factor through the 
unparameterized spaces, defining 

pj : M(C, J) — ► J and p c ■ M(C, J) — ► C, 
where J and C are the critical manifolds of Theorem |4.1| . 

Proposition 5.1. Suppose that —n — 2g + 2 < (ci(s), [E]) < —n, and let 

1 , ( Cl ( g ),[E])+n 
e-g i+ 2 

T/ien according to Theorem and Theorem \8.1\ when e = g — 1, A/y(s|y) has 



two components, J and C, where C is diffeomorphic to Sym e (E). Furthermore, the 
expected dimensions of the moduli spaces over N and X are given by: 

(14) e-dimM N (J) = 2e + 1 

(15) e-dimM N (C) = 2e 

(16) e-dimM Xo (J) = 2d + 2g-2e-2 

(17) e-dim.M Xo (C) = 2d, 

where d = d(s) and g = g(E). Moreover, M* N (J), M N (C), M Xo (J), and Mx (C) 
are transversally cut out by the Seiberg-Witten equations (in particular, they are 
manifolds of the expected dimension). 
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Proof. This is a combination of Proposition [7.9| and |7.10| when (ci(s), [E]) 7^ n, 



and Proposition 8.3 in the remaining case. □ 



When studying the deformation theory of reducibles inside A4n{J), the kernel and 
the cokernel of the Dirac operator play a central role. These spaces can be concretely 
understood, thanks to the holomorphic interpretation of the Dirac operator (see 
also H). 



Proposition 5.2. Suppose that —n — 2g + 2 < (ci(s), [£]) < —n, then there is a 
natural correspondence between reducibles [(A,0)} G M.n{<J) with holomorphic line 
bundles £ of degree e over £ which identifies 

Kerp A = #°(£,£) and G6kerp A = H 1 (£,£). 



Proof. This follows from Theorem |7.4| and Proposition |7.5| (see also the proof of 



Theorem |8.1| in the perturbed case). □ 



The above proposition allows us to understand an important class of reducibles. 

Definition 5.3. The jumping locus G C M.n{J) is the locus of reducible solutions 
[(A,0)] G M.n(J) for which Kerp A is non-trivial. 

Corollary 5.4. Suppose that —n — 2g + 2 < (ci(s), [E]) < —n, then the jumping 
locus 6 C J = M. r ^ A {J) is the image of a smooth map Sym e (E) — ► J . 



Proof. According to Proposition |5.2| , the space G C J is identified with the space of 
degree e line bundles over E with non-trivial H°. The forgetful map Sym e (E) — > J 
which takes a degree e divisor, thought of as a complex line bundle with section, to 
the underlying complex line bundle gives the surjection to this locus. □ 

We will also need to understand those Spin c structures s G Spin c (iV) for which 
-n< (ci(s),[E]) <n. 

Proposition 5.5. If 

-n < (ci(s), [£]) < n, 

then the moduli space M.n{J) contains only reducibles. Moreover, the space of re- 
ducibles is smoothly identified with the Jacobian torus J (i.e. the kernel and the cok- 
ernel of the Dirac operator coupled to any reducible vanishes). Furthermore, M.^{C) 
is empty. 



Proof. When |(ci(s), [E])| < n, this is proved in Section |7|, where it appears as 
Proposition [7.6| . The remaining case is covered by Proposition |S.2| . □ 
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With these preliminaries in place, we turn to the Seiberg-Witten invariants of X, 
by investigating the moduli spaces over X(T). Specifically, choose some a G A(X) 
of degree d(s), and indeed choose representatives for the corresponding homology 
classes which are compactly supported in X . Let V(a) denote the corresponding 
representatives for //(a) in the configuration spaces for Xo and X(T) as appropriate 
(see Section |9] for a discussion of such representatives). Recall that SWx,e(<i) is the 
number of points in Mx{T)(s) H V(a), counted with appropriate sign. 

Lemma 5.6. Suppose that —n — 2g + 2 < (ci(s), [£]) < —n, then for each e > 0, 
there is a T > so that for all T >T the restriction of [(A, $)] G A4x(T)(s) H V(a) 
to any slice {t} x Y with t G [— T ,T ] lies within e (in the C°° topology) from either 
J or C . Accordingly, if e is sufficiently small, then [(A, $)] satisfies exactly one of 
the following two conditions: 

(H-l) [(A, $)]|jv is C°° close to smooth reducible and [(A, $)]\x is C°° close 
to (the restriction to X ) of a configuration in M. Xo [J) n V(a); 

(H-2) [(A, $)]|jv is C°° close to a configuration in Mn(C), and [(A,$)]\x 
is C°° close to a configuration in the cut-down moduli space Aix {C)r\V(a) 



Proof. This is a dimension-counting argument. Suppose we have a sequence 
[A4, $j] G M-x(Ti)(s) fl V(a), for some increasing, unbounded sequence {T i }^ 1 of real 
numbers. By local compactness, there is a subsequence which converges in C^ c to 
a pair of configurations (^4^,$^) and (Ax ,<&x ) over N and X respectively. By 
the usual compactness arguments (see |12[), the total variation of the Chern-Simons- 
Dirac functional of (Ai, over the cylinder [— Tj,Tj] x Y remains globally bounded 
(independent of i), so (A N , & N ) and (A Xo , $x ) both have finite energy. 

First, we prove that either Hypothesis (H-|T]) or (H-|2|) is satisfied. There are a priori 
four cases, according to which critical manifolds p[A Xo , &x ] an d p[An,$n] ne m - 
(P-l) The case where p[A^, $at] G J while p(Ax , $x ) G C is excluded because 

CSD(C) > CSD(J'). 
(P-2) The case where p[An,&n] £ C while p(Ax ,&x ) G J is excluded by 

a dimension count, as follows. In this case, we see that p[A Xo , $x ] ^ 

pj(M(C,J))n P (M Xo (J)nV(a)). But 

pAM(c,j)) = Pj (£i{c,j)), 

so 

e-dim(p J (>l(L7, l 7))np(A< Xo ( l 7)ny(a)) = -2. 

It follows from Theorems ^TT] and |8J] that M. (C, J) is smooth of the ex- 
pected dimension, so from the usual transversality results, the above inter- 
section is generically empty. 
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(P-3) Suppose that p(A x , $at) e J and p(A Xo , $x ) £ t7- Then we see that 
pfAjv, $jv] = p[A Xo , $ Xo ] e p(M N (J)) n p{M Xo {J) n V(a)); 
but, according to Proposition O] 



e-dimp(>l^( l 7)) n p(M Xo (J) n K(a)) 
= e-dimA^Ar(J r ) + Mi„ (J) - 2d - 2# 
= -1, 

which is generically empty. Thus, it follows that [^4^,$^] must be re- 
ducible. Moreover, according to Proposition |5.4| , 

e-dimp(6)n p(M Xo (J) nV(a)) = 2e + e-dimM Xo {J) - 2d - 2g 

= -2, 

which is also generically empty. Hence, [Ajv, ^jv] and L4x ,$x ] satisfy 
Hypotheses (H-j|). 

(P-4) If p[A N ,$ N ] and p[A Xo ,$ Xo ] both lie in C, then the Hypotheses (H-|) 
are satisfied. 

The assertion at the beginning of the proposition follows easily. □ 



The above proposition says that we can partition the points in the cut-down mod- 
uli space (which is an oriented, zero-dimensional manifold) for sufficiently large T 
into two disjoint sets, the subsets of configurations which satisfy (H-[l|) and (H-|D 
respectively. Thus, if we let SW£ ed (a) and SWg rr (a) be the signed number of points 
satisfying (H-l) and (H-2) respectively, then 

(18) SW X)S {a) = SW r s ed {a) + SW l s rr {a). 

As we shall see, gluing theory allows us to compute both of these quantities in terms 
of cylindrical-end moduli spaces. So, in the next step, we study these cylindrical-end 
moduli spaces. 

Lemma 5.7. For all Spin c structures s on X the corresponding moduli spaces A4n{C) , 
M. Xo (J), and M Xo (C) fl V(a) are all compact manifolds. 



Proof. The compactness of M. Xo (J) and A4 X (C) follows from the usual compact- 
ness arguments, together with the facts that the Chern-Simons-Dirac functional is 
real-valued, CSD(J7") > CSD(C), and there are no other critical manifolds. Compact- 
ness of M. Xo (C) H V(a) follows from this, together with a straightforward dimension 
count (see the discussion above in the proof of Lemma |5"1| part (P-@))- □ 
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Compactness of M. Xo {J) allows us to define a relative invariant with reducible 
boundary values. We pause to discuss some relevant properties of this invariant. 

Definition 5.8. Let Sq be a Spin c structure on Xq which extends over X . Since the 
moduli space M.x ,s Q {J) is compact, there is a relative Seiberg-Witten invariant 

SW {XotSOtJ) : A(X ) Z, 

defined by the pairing SW(x ,s ,j)(a) = ([M XoiSo (J)}, //(a)). 

This relative invariant is related to an absolute invariant, according to the following. 

Proposition 5.9. If s satisfies —n < (ci(s), [E]) < n, then for all a 6 A(X) 7 

SW x>s (a)=SW {XojSo>J) {a), 

where So = s\ Xo . 

Proof. Recall that A4(s\n) consists entirely of reducibles all of which are smooth, 
according to Proposition |5.5|; thus, gluing theory identifies the moduli spaces A4 X (T){s) 
for large T with M.x ,s (J)- (See also [f24[], where this result appears as Proposi- 
tion 2.7.) □ 

We now return to the discussion of SW red and SW trr . Although the definitions 
of both terms implicitly use T, we show now that if T is sufficiently large, then the 
terms can be computed from absolute invariants (and hence are independent of the 
parameter) . 

Proposition 5.10. Suppose that s satisfies 

-n-2g + 2< ( Cl (s), [£]) < -n, 

where £ has self-intersection number —n, and let 

( Cl ( g ),[S])+n 
9 + 2 
Then, for all sufficiently large T, 

SW: ed (a) = SW x , s - Pm] (a ■ £ s -i- e (£)), 

where £ 9 _i_ e (£) G A(E) is the element defined in Definition \3.b\ 

Proof. The moduli space -M^ d (j7") — O comes equipped with an obstruction bundle 
H — > A4 T £ d (<7) — 6, defined by ^i(A,o)} = Coker^^. (whose K-theory class canoni- 
cally extends over all of M r ^ d {J)). The dimension count in Lemma |5.6| guarantees 
that each solution in M. Xo [J) n V(a) extends uniquely to a smooth reducible over 
N. Thus, gluing theory gives that 

SWr\a) = ([M Xo (J)nV(a)},e(£®p*(E))) 

= ([M Xo (J)],ii(a)Ue(C®p m (E))), 
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where e denotes the Euler class of a bundle (or .fT-theory element). The Riemann- 
Roch formula says dim(S) = 2g — 2 — 2e. Using the index theorem for families, 
together with the holomorphic interpretation of the obstruction bundle H given in 
Proposition |5.2|, it is a straightforward computation that the total Chern class of S 



is 



fl(i + / i(AM^)) 



i=l 



(see also |24| Proposition 2.6); thus, 

e(£ ® p*(S)) = c s _!_ e (£ ® p*(S)) = ^-i- e ([S]). 
Putting all this together, we have that 

(19) SWr\a) = SW {Xo>SOtJ) (a ■ ^-i- e (S)), 

where s = s\ Xo - Since n - 2# + 2 < (cx(s - PD[E]), [£]) < n and s - PD[S]| Xo = s , 
the proposition then follows from Proposition |5.9|. □ 



Proposition 5.11. For sufficiently large T , 

SW: rr (a) = #M Xo (C)nV(a). 



Proof. Gluing shows that 

SWT(a) = (#>fx (C) n y(a)) (deg(p: M N (C) ^ C)^ 

According to Propositions |7]9| and |8~^ , p: M.^{C) — >■ C either has degree +1, or 
A^iv(C) is empty. The latter case would force SWl rr (a) = (for the given genus and 
self-intersection number). 

To rule out this latter case, we need only look at an example where the irreducible 
term is non-zero. Let X be a ruled surface X over S associated to the line bundle 
with Euler number —n. Let Scl denote the section with self-intersection number 
— n, and fix any < e < g — 1. Let s denote the Spin c structure over X given by s = 
So + ePD [F] , where So is the canonical Spin c structure on X associated to the Kahler 
structure, and F denotes a fiber in the ruling. It is easy to see that SWx, s -pd[S\ = 0, 
as the corresponding space of divisors is empty (see Proposition |7.5| ). Moreover, we 
know that SWx,s ^ (compare Example f2.2|) . Thus, in light of Equation ([IS) and 



Proposition [5.10| , we have examples where SW %rr ^ 0, forcing the degree to be non- 
zero. □ 

We will give the seemingly ad hoc quantity #Ji4x (C) H V(a) a more intrinsic 
formulation in Section ^. With the help of this formulation, we can then prove a 
vanishing result for this term under suitable algebro-topological hypotheses on the 
embedding of S C X (Proposition |3.8|) . 
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6. Relative Invariants 

Let Xq be a smooth, oriented manifold-with-boundary with 6^"(Xo) > 0, whose 
boundary is identified with dX = —Y, a circle bundle over a Riemann surface S of 
genus g > with Euler number —n, where n > 2g — 2. 

In Section^, we studied the moduli space Aix (C), and used it to define a relative 
invariant 

SWl rr : A(X ) — ►Z, 
by cutting down the moduli space M.x {C) by submanifolds representing //(a) which 
are induced from compactly supported representatives for homology in X (see Propo- 
sition 5.11 ). When a G A(F), there are alternate representatives which are supported 



"at infinity." The advantage of these representatives is that the corresponding rel- 
ative invariant inherits relations arising from the cohomology ring of C. In view of 
the non-compactness of A4x (C), the two types of representatives do not necessarily 
give rise to the same invariant. However, the difference can be explicitly computed 
in terms of other Seiberg-Witten invariants. In this section, we recast this discussion 
in a more algebraic setting, defining an invariant 

SW (X0 , o y. A(X )®H*(C)^Z. 

which simultaneously captures both types of representatives; in particular, 

SWr{a) = SW {Xo , C )(a®l). 

Proposition |3.8| then follows from properties of this invariant. 

A subtlety arises in the definition of SW(x ,c), since the moduli space M. Xo (C) is 
not compact. However, we have the following weak compactness theorem. 

Definition 6.1. A sequence of configurations {[Ai, is said to converge weakly 

to a configuration 

[B, *] x [A, $] e M(C, J) XjM Xo (J) 

if[Ai, $i] converges to [A, $] in C™ c , and there is an increasing, unbounded sequence of 
real numbers {T i ]°^ l withTi > i, so that the translates of{[Ai, $J |[o,2Ti]xy}iSi; viewed 
as a sequence of configurations on [— Ti, Tj] x Y, converge in C^ c to a configuration 
which is equivalent (under translations) to [B^]. 

Proposition 6.2. Weak convergence gives the space 

M Xo (C) =M Xo (C)l[M(C,J) xjMx (J) 
the structure of a compact Hausdorff space. 



Proof. This a standard argument from Morse-Floer theory. A general discussion 
of compactness results for the anti-self-duality equation can be found in |2(J (see 
especially Theorem 6.3.3 of []2U|] ); so we sketch the argument here only briefly. 
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A sequence [A4, $i] G M. Xo {C) converges in C^ c , after passing to a subsequence, to 
some solution [A, $] to the Seiberg-Witten equations on X Q . Since each of the [A iy $;] 
have finite energy, so does [A, <&]; thus, it has a boundary value. If p[A, G C, 
then the length-energy estimates of L. Simon ( [EH]) can be used to show that the 
convergeance is C°° as in | pt| . 

If, on the other hand, p[A, $] G" C, it must be the case that p[A, $] G J. Now, let 
Tj G M. be the number so that 

CSD[^ felx ^ CSD <^ CSD < C > . 

Clearly, Tj 1— > 00. After passing to a subsequence, we can find a configuration [B, *&] 
so that the sequence [A*, 3>j]|[o,2Ti]xYj viewed as a sequence of configurations over 
[— Tj,Tj], converges in Cj^. to [-B,^]. In fact, [B, must solve the Seiberg-Witten 
equations and it must have finite energy, so [B, G Ai(C, J). The usual length- 
energy estimates then guarantee that the boundary values match up. □ 

The topological space M. Xo {C) defined in Proposition |T2]is called the compactified 
moduli space. The following result follows immediately from its definition. 

Proposition 6.3. The inclusion maps 

i: M Xo (C) — B*(X - (0,oo) xY) 

and 

ioU 2 : M(C,J) XjM Xo (J)^ B*(X - (0,oo) x Y) 

fit together to give a continuous map 

i: M Xo (C) — B*(X - (0, 00) x Y), 

where B* denotes the irreducible configurations. 

Similarly, we can extend the restriction map over the compactified moduli space, 
as follows. 

Proposition 6.4. The restriction maps 

p c :M Xo (C)^C 

and 

p c on i: M(C, J)xj M Xo (J) — > c 
fit together to give a continuous map 

p c :M Xo (C)^C. 
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Proof. If a sequence [A n , <3> n ] e A4x {C) converges to an ideal point 

[B, *] x [A,$\eM(C,J) xjM Xo (J), 
then there is a divergent sequence {T n }^ =1 of real numbers so that 

lim T*[A n ,$ n ]\ [Tnj0o)xY = [S,*]|[ 0l oo)xy > 

ni— >oo 

where 

r n : [0, oo) x Y — ► [T n , oo) x Y 

is the map induced by translation by T n on the first coordinate. Since each path has 
finite energy, continuity of the restriction maps (see pCfl ) guarantees that 

lim p[A n , $ n ]| {t}x y = lim pr*L4 n , $ n ] = p[5, *]. 

ni— »oo ru-*co 

□ 

Gluing gives this space more structure. 

Proposition 6.5. Gluing endows A4x {C) with the structure of a manifold. The 
space of ideal solutions 

M(C,J)xjM Xo (J) 
has the structure of a smooth submanifold of codimension two. In particular, a fun- 
damental class for M.x {C) gives rise to a unique fundamental class for Aix (C). 

Proof. Gluing describes the end of M. (X, C) as a fibered product 

(m°(C,J) XjM° Xo (J) x (0,oc))/S\ 

where the superscript denotes based versions of the moduli spaces. This gives the 
space of ideal solutions a disk-bundle neighborhood in M. Xo {C). □ 

In light of the above result, we can define the relative Seiberg-Witten invariant 
SW( Xoi c), as follows. 

Definition 6.6. The relative Seiberg-Witten invariant 

SW (Xo ,c) : A(X ) ® H*{C) — > Z 

is defined by 

SW {Xo , c) {a®u) = ([M Xo (C)},T(Ka))Uph("))- 

We now spell out the strategy for proving Proposition [3.8| . First, it is shown that 
for b G A(Y~), SW(x ,c)( a • oS) can be expressed in terms of SWi y x ,c){. a ®b- to) and 
SW( Xoj j) (Lemma |T7| and Proposition |6.9|) . Here, b ■ to denotes the action of A(F) 
on H*(C) induced from the inclusion of C in B*(Y). (Note the cohomology classes 
over Aix {C) induced from A(Y) through the action on H*(C), and pulled back via 
p, correspond to divisor representatives over X which are supported "at infinity") 
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Then, it is shown that SW(x ,c){a> ® b ■ uj) vanishes, when b has sufficiently high 
degree. This follows from algebraic considerations, according to which b ■ u = b' ■ u, 
where b' £ A(F) lies in the ideal generated by the cycles in Y which bound in Xq 
(Proposition |6.12[ ). It is then easy to see that SW(a®b' ' -u) vanishes (Corollary |6.13| ). 

Now, we express the "commutator" SW(a ®b-uj) — SW(a -b(B)uj). First note that 
if b is induced from Hi(Y), the commutator vanishes, as follows. 

Lemma 6.7. Let [7] £ H X {Y), then for all a £ A(X) and 00 £ H*(C), 

SW( Xo ,c)(a ® a* W • u ) = SW {Xo ,c)(a ■ fi[y] <g> u). 

Proof. We must show that Pc^H) ^ s homologous to i It suffices to verify 

this over the subset A4(X ,C) C M. Xo (C), since the complement has codimension 
two, and the classes in question are one-dimensional. Over the subset, now, the 
claim is easy to verify. On M. Xo {C), p*{n[y\) is represented by (Hol 7 o p c )*(d9), 
the holonomy around a representative of 7 "at infinity" (see Proposition |9.1|) ; while 
i*{lAl\) is represented by Hol* (d^), where 70 = x 7 c x Y C [0, 00) x Y C X. 
Now, the cylinder [0, 00) x 7 provides a homotopy between Hol 7 o p c and Hol 7o . □ 

It remains to see how the point class commutes. For this class, we can express 
the commutator in terms of SWrx,j) an d another Seiberg-Witten invariant, defined 
below. 

Definition 6.8. There is a Seiberg-Witten invariant of the tube 

SW {c ,j) : H*(C) — H\J) C A(X ) 
which raises degree by dimension 2g — dim .M(C, J) = 2g — dimC, defined by 

SW { c,j)^) = (P2)*((PJ x Id)*PD[A] U (pcoPtfu), 

where P\ and P2 are the projection maps 

Pi : M(C, J)xJ — ► M(C, J) and P 2 : M(C, J) x J — > J, 

and PD[A] denotes the Poincare dual of the diagonal A C J x J . Thus, SW(c,j) 
satisfies: 

(M(C,J) XjM Xo (J)X(»(a))U? c (uj)) = SW (XoiJ) (a- SW (c>J) (u)). 

We can now calculate the commutator, which involves comparing the cohomology 
classes J>* c p{y) and i p(x) over A4 Xo (C), where y is a point in Y and x is a point in 
X . 

Proposition 6.9. Choose points x £ Xq and y £ Y '. In Ai Xo (C), we have 
p*My))-T(p(x)) = PD[M(C,J) XjM Xo (J)]. 
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Consequently, there is a relation between Seiberg- Witten invariants: 

SW {Xo , C )(a ® n(y) ■ u) - SW (XojC) (a ■ n{x) ®u) = SW {Xo>J) (a ■ SW {C)J) {u)). 

Proof. Clearly, the difference ~p* c {[i{y)) —i*(/j,(x)) is the first Chern class of the circle 
bundle B.om s i(C x , C y ). Here, C z denotes the moduli space based at z\ see Section [9|. 
To prove the proposition, we must verify that this bundle admits a section a in the 
complement of 

M(C, J)xj M Xo (J) c M Xo {C) 

(i.e. over M. Xo (C) C M. Xo {C)) and that, with respect to a trivialization of the circle 
bundle over a disk transverse to the submanifold, the restriction of the section to the 
boundary induces a map from the circle to the circle which has degree one. 

The section a is induced by parallel transport, as follows. Let 7 be a half-infinite 
arc formed by joining [0, 00) x y to any arc which connects x to x y. Over the 
point [A, G A4 Xo (C), parallel transport via A along 7 induces a homomorphism 
in Eom s i(C x ,C y ). 

We now verify that the trivialization induces a degree one map around circles 
transverse to the submanifold. For any point in the submanifold 

[Ai, $1] x [A 2 ,$ 2 ]eM(C,J) xjM Xo (J), 

fix fibers 

L4i, $1, Ai] G and [^2, $2, A 2 ] g C y \[A 2 ,<t> 2 ]- 

These choices induce a trivialization of B.omsi(C x , C y ) over a disk in Ji4 Xo (C) trans- 
verse to [Ai, $1] x [A 2 , $2] (obtained by varying the gluing and translation parame- 
ters). Calculating the desired degree amounts to seeing how the holonomy along 7 
varies as the gluing parameter is rotated. But holonomy along any path which crosses 
the gluing region once varies as a degree one function of the gluing parameter. □ 

We can understand the action of A(F) on H*(C) explicitly, under the identification 
C Sym fc (S). 

Before describing this, we begin with a few preliminaries about the homology of 
symmetric products of S (for an extensive discussion of this topic, see fCTI). Recall 
that Sym fc (E) can be viewed as the quotient of the fc-fold Cartesian product S xfc by 
the action of the symmetric group on k letters. We denote the quotient map by 

q: S xfe — > Sym fe (S). 

According to elementary properties of the transfer homomorphism, 

g„: #,(£ xfc ) ^if,(Sym fc (S)) 
is surjective. Dually, we have a map 

q*: /T(Sym fc (£)) — ► H*(Z xk ) 
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which identifies iP(Sym fe (E)) with the elements of #*(E xfc ) = #*(E) 0fe which are 
invariant under the symmetric group action. In particular, by summing over the 
action, we obtain a map 

Sym fe : /T(E) — ► iT(Sym fc (E)). 

Thus, if we fix any collection of points {p 2 , ■ ■■,Pk} C E, given uj G fP(E), Sym fc (E) 
is the class characterized by the property that 

(Sym fc O), q*(Z x p 2 x ... x p k )) = (uj, Z), 

for any cycle Z C E. Equivalently, given a cycle Z G Sym fc (PD[Z]) is 

Poincare dual to the cycle q(Z x E x ... x E). The above discussion works over 
rational coefficients (which suffices for our purposes), but in fact it works over Z as 
well, since if^Sym^E)) has no torsion (see |17|). 

Proposition 6.10. Under the identification C = Sym fc (E), the canonical map 

A (Y) iT(Sym fc (E)), 

induced from the inclusion of Sym fe (E) = C — > B*(Y), takes [i(y) for y G H*(Y) 
to the cohomology class Sym fc (PD[7r^(?/)]) G if 2_ *(Sym fe (E)) ; where n: Y — > E i/je 
projection map. 



Proof. We can reduce to a corresponding statement for configurations over E, as 
follows. Let £ be a line bundle over E, so that W = n*(E ® (C © K s )). Then, 
pull-back induces a map 

7T* : B(E, E) = A(E) x r(£)/Map(E, S 1 ) — > B(Y, W), 

to the configurations where the fiber- wise holonomy of the connection is constant, 
and the section is covariantly constant around each fiber. The identification between 



the critical manifolds and the symmetric powers C = Sym fe (E) described in |2f 



is obtained by proving that C lies in the image of this pull-back map, and indeed 
that it lies in the pull-back of the vortex moduli space, which, according to |TTJ (see 
also is in turn identified with the space of divisors, by looking at the zero-set of 
the section. The key points we need presently are that C lies in 7r*(23(E, E)), and 
that configurations are the pull-backs of configurations [A, $] G £>(S, E), where $ is 
^-holomorphic section. 

Over B(T,,E), there is a universal line bundle £(E), defined in the usual manner. 
Note that 

so ^(y)\ w *rQ(j:)) f° r y £ H*(Y) agrees with Ai([7r*(y)]), where the former /i-map is 
induced from C(Y), and the latter from £(E). We have thus reduced the proof of 
the proposition to a statement purely over E; so for the duration of the proof, C will 
refer to £(E), B will refer to S(E, E), and all /i-maps will be calculated over E. 
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To facilitate the proof over E, we pause for a discussion about the canonical section 
a of the universal line bundle C, which takes the configuration [A, $] x {x} e B x E 
to the based configuration [A, <£>, 3>(x)]. This section has the property that, under 
the canonical identification of £|[a,$]xe — E (where E is the bundle over E with 
Chern number k), the restriction (x|[a,$]xe is identified with the section $ of -E 1 . In 
particular, if $ ^ is a holomorphic section, then <7|[a,$]xe has at most k zeros; 
moreover, if it has k zeros, then each is transverse. 

Now, if y e E is a point (i.e. a generator of .£/o(E;Z)), then by definition, fi(y) is 
the element of H 2 (C) whose pairing against any homology class [S] e H 2 (C) is given 
by 

( f i(y),[S]) = (c 1 (C y ),[S]). 
where, as usual, C y denotes the restriction of C to B(H,E) x {y}. Choose points 
{P2,---,Pk} C E which are distinct from y. Recall that if 2 (Sym fc (E)) is generated 
by the surface g(E x p 2 x ... x p^) (where p 2 , •••,Pfe are points on E), and the tori of 
the form q{C\ x C2 x p 3 x ... x p^, where C±, C 2 C E are closed curves in E, which 
we can choose to miss y. The canonical section <r restricted to a torus of the form 
q{Ci x C2 x p 3 x ... x pk) x {y} clearly vanishes nowhere (as all k of the zeros have 
been constrained to lie in the set C 1 U C 2 U {p 3 , ...,Pfc} which does not include the 
point y); thus, 

( Cl (g,[ 9 (c 1 xc 2 x...x ft )]> = o. 

Over g(E x p 2 , ••• x Pk) the canonical section vanishes at the single point q(y x p 2 x 
... x pfc). We verify transversality of this zero, as follows. View o as a section over 
E x E = g(E x p 2 x ... x x E; we know that a(y, y) = 0, and that Da^^ induces 
an isomorphism from © T^E to E y (i.e. that the zero of o"|{ y } x s at y is transverse). 
Differentiating the equation that cr(y,y) = 0, we see that 

Da (y>y) (0,v) = -Da (y , y) (v,0). 

Thus, the section o"|e x {j/} of /lyip] has a single, transverse zero, which shows that 

(ci(£), [g(E xp 2 x ... x p fc )]) = ±1. 

Moreover, the sign is positive since the section is holomorphic. 

Hence, we have proved the result when y e i?o(S). Proving the result for classes 
coming from i?i(S) amounts to proving that, if C\ and C 2 closed curves in E which 
meet transversally, then 

( Cl (£), g (Ci x P2 x ... x Pn ) x c 2 ) = -#Ci n c 2 = #c 2 n c±. 

Note first that the zeros of the canonical section a, restricted to q{C\ x p 2 x 
... x pfc) x C 2 are the points C\ fl C 2 (a zero of a corresponds to a point where the 
section $ vanishes at some point of C 2 , but the zeros of $ lie in C\ U {p 2 , ...,p k }, and 
{p 2 , ...,Pfc} fl C 2 is empty). We must now consider the local contribution of each zero 
(and check transversality). 
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Consider the map d x C 2 : S 1 x S 1 — ► Sym fc (£) x S defined by d x C 2 (s,t) = 
q(Ci(s) xp 2 x ... xp k ) x C 2 (t). Suppose for notational simplicity that Ci(0) = C 2 (0) = 
We can view a as a section of £ pulled back to this torus. Now, evaluated on a 
typical tangent vector to the torus a-jj^ + &J^, the derivative of a at the intersection 
point is given by 

d d dC dC 

D(y,y ) cro(C 1 xC 2 )(a- + b-) = a D [y , y) a(-^(0), 0) + bD M <r{ Q > ^(°)) 

dC dC^ 
(20) = -0^)^(0,-^(0)) + 60^)^(0,-^(0)). 

(We have used the chain rule and the derivative of the relation that a(C\(s), Ci(s)) = 
0.) Transversality of the intersection of C\ and C 2 at ensures that the image of this 
differential is 

D (y>y) a(0®TE y ); 

so transversality of the section corresponding to q(y x p 2 x ... x p k ) at its zero y 
ensures that the image of the differential surjective onto the fiber of E over y; i.e. 
the canonical section is transverse. The sign is correct, as one can see by inspecting 
Equation flip. □ 



Remark 6.11. With the help of the above results, we can describe explicitly the 
invariant of the tube: 

SW {c ,jy. H*{C) — H*(J) c A(X ), 
which we do now for completeness. Let A = A*i?i(£) C A(Y). According to the proof 



of Lemma |g. % SW(c,j) is a homomorphism of A-modules; so, since A(Y) = A[U] 
surjects onto H*(C), the invariant is determined by SW(c,j)(U l ), as i ranges over 
the non-negative integers. Since the Poincare dual o/Sym fc (E) C T 2g (which is the 
image of A4(C, J) under pj, according to Theorem is 

(E? =1 /xWMfr)) fc 

it follows that 



(k + ey. 

We will not use this formula, however. The results we prove in this paper require 
only the general properties of SW j) which follow from its definition, together with 
Proposition \6. 



According to Lemma p.7| , if 7 C Y is a curve which is null-homologous in X , then 
it annihilates the relative invariants, in the sense that 

SW (Xo ,c)( a ® Vti) ■ = 0. 
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If sufficiently many curves in Y become null- homologous in X , then any class of 
sufficiently high degree in A(Y) annihilates the invariant, as follows. 

Proposition 6.12. Fix natural numbers k,£ with £ > k. Let I denote the ideal gen- 
erated 6?//x(^i),/x(A 2 ), ...,n(At) inH* (Sym fe (E)). Then every element of H* (Sjm k (T,)) 
of degree greater than k lies in I. 

Proof. The vector space H* (Sym fe (£)) is generated by homogeneous elements of 
the form 

b c d 

U a -H(A iq -B iq ).l[A ib+r .l[B ib+c+s , 

5=1 r=l s=l 

where {ii, ...,ib+ c +d} is a subset of {1, ...,<?}, and a, b, c, d are integers with a + b + 
c + d<k. 

Clearly, it suffices to prove the proposition for homogeneous generators of degree 
k + 1. Modulo I, such an element is equivalent to the element 

a b c d 

H(U - A p ■ B p ) ■ H(A iq ■ B lq - A a+q ■ B a+q ) • J] A lb+r • J] B lb+c+s . 

p=l q=l r=l s=l 

Indeed, in light of the fact that a + b < k — d < i — d, we can arrange (after 
possibly simultaneously permuting the indices of the {Aj} 9 i=1 and {£>j}f =1 ) that for 
each s = 1, ...d, a + b < ib+ c +s- Moreover, the original homogeneous element would 
automatically lie in I unless we had that a + b<k<£< ib+ r for all r = 1, c. Put 
together, must consider elements of the above form which satisfy the constraint that 
a + b < ij for all j > b. If the degree of such an element is k + 1, it must vanish in 
//•iSvn/iV)). 

This vanishing can be seen geometrically: U is Poincare dual to the subset (identi- 
fied with Sym fe_1 (E)) of Sym fe (S) where one point is constrained to lie in a specified 
point on E: A; L (resp. B^) is Poincare dual to the cycle where one point is constrained 
to lie on A,- L (resp. Bj). Thus, (if one chooses the point representing U to be Ajfl-Bj), 
then U — Ai ■ Bi is Poincare dual to the locus where two distinct points are con- 
strained; one is to lie on Ai, the other on Bi. Similarly, the manifold Poincare dual 
to Ai ■ Bi — Aj ■ Bj gives a constraint on two distinct points in the symmetric power. 
Finally, the remaining A ib+r and B ib+c+s give additional, disjoint constraints (these 
are disjoint, if one chooses that representing curves to be disjoint from the Ai and 
Bi for i = 1, a + b, which can be arranged since a + b < i b+r for all r > 1). Thus, 
since the total degree of the expression considered is k + 1, we have put constraints 
on k + 1 distinct points, forcing the intersection to be empty. □ 

Corollary 6.13. Suppose that C = Sym fc (E) 7 and let £ > k be an integer so that 
there is a symplectic basis {Ai, Bi} g i=l for i?i(E) so that i*(Aj,) = in Hi(X ;M.) 
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for % = 1, ...,£. Then, for each b G A(E) of degree d(b) > k, and each a G A(Xq), 
uj G H*(C), we have 

SW { x ,c){a®b-u) = 0. 



Proof. By Proposition |6.12| , b lies in the ideal generated by fi(Ai), ...,/i(Ai). Now 



the proposition follows from Lemma |6.7| . □ 

We now have the promised proof of Proposition |3.8| . 
Proof of Proposition |3.8| . Recall that we have constructed SWrx ,c) so that 

SWi rr (a ■ U(b)) = SW {Xo>C) (a ■ U{b) ® 1). 
By Lemma |6.7| and Proposition p.9| , we can write 

SW {Xo ,c){ a • ® 1) = SW (Xo , C ){a ® b) + SW {Xo ,j)(a ■ c). 

for some c G A(E). Note that c lies in the ideal generated by ffi(E), as it can be 
expressed in terms of Seiberg-Witten invariants of the tube, which take values in 
H*(J) = A*{H X {E)) C H^E) ■ A(S). By Corollary the first term vanishes 

(using the homological hypothesis of the inclusion of E in X). The remaining term 
is identified with an absolute invariant, according to Proposition □ 
The proof of Proposition |3.10| , follows from the same argument as Proposition |3.8| ; 



only in that case, one must use the following (much simpler) analogue of Corol- 
lary |6.13 , 

Lemma 6.14. Suppose that C = Sym fc (E). Then, for each b G A(E) of degree 
d(b) > 2k, and each a G A(X ) ; u G H*(C), we have 

SW {XoiC )(a®b-u) = 0. 
Proof. This follows immediately from the fact that dimC = 2k. □ 
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7. The moduli spaces over iV 

The purpose of this section is to give the results about the neighborhood of E 
which were used in Section [5| Most of these results are applications of [22] and J23 



We assume for the duration of this section that the Spin c structure over A" satisfies 
(ci(s), [£]) ^ n (mod 2n). We return to the excluded cases in Section R. 

Over N, endowed with a cylindrical-end metric and a certain torsion connection 
on TN , the Seiberg-Witten equations admit a complex interpretation analogous to 
the complex interpretation of the equations over a Kahler manifold (see Section 5 
of |24| for an explicit description of this connection, and especially Proposition 5.6 
where the complex interpretation is proved). The Seiberg-Witten equations over N 
can be written as equations for a connection A over E, a © (3 G (Q°'° © Q 0,1 )(N, E): 

(21) 2AF a -AF Kn = '-{\a\ 2 - \(3\ 2 ) 

(22) TrF°' 2 = a® 13 

(23) d A a + d* A (3 = 0, 

where A denotes projection onto the (1, 1) form of the metric. As noted in [|24[, for 



finite energy solutions, decay estimates justify the usual integration-by-parts which 
shows that one of a or (3 must vanish identically; i.e. the solutions over A" correspond 
to vortices over N. 

When /3 = 0, then A induces an integrable <9-operator on E, d A , with respect to 
which a is holomorphic. Moreover, by the usual exponential decay results, together 
with the understanding of the solutions over Y (Theorem |4.1| ), (A, a) exponentially 
approaches the pull-back of a vortex solution over E. According to f22|, the under- 
lying holomorphic data extends to the ruled surface R obtained by attaching a copy 
of E (denoted E + ) to A^ "at infinity." We state the results here for convenience. 

Definition 7.1. Let $ E T(N, W + ), \1> e T(Y, W) be a pair of spinors, and S > be 
some real number. Then, $ is said to 5-decay to ^ if for each k > 0, 

lim sup e w |V (fc) * - V (fe V(^)| = 0, 

{t}xY 

where V*-^ denotes the k-fold covariant derivative. More generally, $ is said to decay 
to \l/ if there is some 5 > so that \& 5 -decays to A similar notion can be defined 
for objects other than spinors, such as connections, differential forms, etc. 



Definition 7.2. Given a line bundle E over Z , a holomorphic pair (A, a) in E is a 

pair consisting of a d-operator d A over E, and a section a of E, so that F^ 2 = 0, 
and d A a = 0. 



34 



PETER OZSVATH AND ZOLTAN SZABO 



Theorem 7.3. Let (A, a) be a holomorphic pair on N which decays to a the pull- 
back of a holomorphic pair (Aq, ceo) over E. Then, there is a naturally associated line 
bundle E over R and holomorphic pair (A, a) in E, so that (d ^, ct) — (d A ,a) 

and (9j5,a)| E+ = (B Ao ,a ). 



The above theorem is essentially a restatement of Theorems 7.7 of [22], where 
it is stated for the cylinder, thought of as R minus two copies of E, rather than 
the neighborhood of E, thought of as R minus one copy of E (though the proof is 
no different). Analogous results for the anti-self-dual equations were obtained by 
Guo§. 

In a similar vein we have the following result, which allows us to deal with solutions 
with reducible boundary values. We state the result slightly differently from the 
above, since we will apply it in other contexts later. 

Theorem 7.4. Let A be a connection on a line bundle E over N, with F / = 
and E\(p t(X )xY — 7r *(-^o)? so curvature form Fa decays to the pull-back of a closed 
two-form Fq over E with 

J Fo) -( Cl (E ),m) £nZ. 

Then, there is an associated line bundle E over R and complex structure with 

(E,d A )\ R _x + = (E,d A ), 

and (c\(E), [E + ]) is the greatest integer congruent to (c\(E), [E]) moduli n smaller 
than J Fo- Furthermore, there is a natural identification 

Kerft A f] L 2 = H°(R, E) © H 2 (R, E), 

and 

Coker^HL 2 ^ H\R,E). 
The above is proved in Proposition 9.2 (see Corollary 9.11 and Theorem 10.6) 



i 



of [22 



These results allow us to rule out the existence of certain solutions. Recall first 
the following standard fact about the cohomology of R (see for example ||10|| ): 

Proposition 7.5. Let R denote the ruled surface over E ; which is given as the pro- 
jectivization of C © L, P(C © L) (here, L is some line bundle over H). Let E be 
a line bundle over the ruled surface R and let Eq denote the restriction of of E to 
P(C © 0) = E and let I be the evaluation of C\{E) on a fiber in the ruling. Then, if 

£>o, 

£ £ 

H°{R, E) = J2 ® L®J); H\R, E) = J^ h \Z, E © L® j ); H 2 (R, E) = 0; 

j=0 j=0 
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and if £ < 0, 



e-i 



H°(R, E) — 0; H\R,E) = #°( E > Eo®L®- j ); H 2 {R,E) = E ®L®~ j ), 

3=1 3=1 

In particular, if £ = — 1, then H*(R,E) = 0. 

We can apply these results to the case where N is a neighborhood of a surface of 



self-intersection number with — £ • £ > 2g — 2. Recall that according to Theorem |4.1| , 
for each Spin c structure s on N, there are at most two components to the moduli 
space of the boundary, the reducible component J and the irreducible component C. 

Proposition 7.6. If 



<<*(*), [E]> 



< n, 



the moduli space M.n{J) contains only reducibles. Moreover, the space of reducibles 
is smoothly identified with the Jacobian torus J (i.e. the kernel and the cokernel 
of the Dirac operator coupled to any reducible vanishes). Furthermore, M.^{C) is 
empty. 



Proof. We prove that both moduli spaces Ai* N (jJ) and Jv[ N {C) are empty. Suppose 
there were some finite energy solution to the Seiberg-Witten equations in a Spin c 
structure with |(ci(s), [E])| < n. We know that the spinor lies entirely in one of the 
two summands in the splitting of the spinor bundle W + = E © (Kjy^ 1 ® E) (i.e. 
it is an a- or a /3-spinor, in the notation of Equations (]2"T|)-(|2"B|)). By conjugating 



if necessary (which switches the two summands and sends the Spin c structure s to 
another one Js with C\(Js) = —ci(s)), we can assume without loss of generality that 
the solution is an a-solution. 

According to Theorem [T3] (and Theorem [7.4| , when the boundary value is re- 
ducible), we can extend the data (E, 8a, oi) over the associated ruled surface R, 
obtained by attaching the curve S + at infinity. The fact that E is an extension of E 
says that 

< Cl (£),[£_]> = < Cl (£),[£]> 

= ±( Cl ( S ) + Cl (K N ),m) 

n+( Cl (g),[S]) 
9 2 

where S_ is the curve in E with self-intersection number — n (which is identified with 
S C N). By our hypothesis, then, 

<7-K( Cl (£),[£_]) <n + <?-l. 
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On the other hand, Equation fl2T|) says that converges to the pullback of a form 



over E whose integral is g — 1, so Theorem [7.4| guarantees that the Chern number of 
restriction to the other section of the ruling satisfies the bound 

-n + g-l<(ci(E),[E + ])<g-l. 

Now, since the Poincare dual of a fiber is (PD[E + ] — PD[E_])/ra, we see that the 
evaluation of C\(E) on a fiber is given by 

, [E + ]> -<(*(£),[£_]) 



1. 



n 



According to Proposition |7.5| , it follows that a (and hence also a) must vanish iden- 
tically, contradicting the irreducibility hypothesis on (A, a). 

The fact that the reducibles are smoothly cut out in this range follows in an 
analogous manner, using Theorem [7.4| and Proposition |7.5|. □ 



Remark 7.7. Most of this result can be found in Proposition 2.5 of [p4fl . 

The above vanishing result is special to the particular Spin c structures considered, 
as it used the fact that the Dolbeault cohomology of certain line bundles over the 
ruled surface vanish. In general, the moduli spaces over N typically do contain 
irreducibles. To study the deformation theory around these irreducibles, we use an 
infinitesimal version of Theorem |7.3|; but first, we pause for a brief discussion of 



deformation theory for the Seiberg-Witten equations in general. 

In general, on a four-manifold X with a cylindrical end, the deformation complex 
around a solution (A, $) whose boundary value is smooth and irreducible, is given 
by 

Q°{X , iR) — ► Q\X , iR) © rpf , W + ) — -> Q + (X , z'R) © T(X , W~). 

Here, terms in fl (X , iR) are required to lie in Lj k , the 5-decaying Sobolev space 
with k derivatives (here we can choose any k > 3); i.e. functions for which 



<5,fcy 



I (|/| 2 + |V/| 2 + ... + |V( fc )/|V r <oo, 

JX 



where r is a smooth function on Xq which agrees with the t coordinate over the 
cylindrical end. Terms in r2 1 (X ,iM) © T(X ,W + ) are required to lie in L 2 &k _ x ex- 
tended by the tangent space to the moduli space at infinity at p[A, $]. Finally, terms 
in n + (X ,i!R) © T(X ,W~) are required to lie in L\_ 2 . The first map in the de- 
formation complex is the linearization of the gauge group action on [A, $] around 
the identity, while the second is the linearization of the Seiberg Witten equations 
around [A, <&]. When the boundary value of [A, $] is a smooth reducible, then the 
above specifies the deformation theory for the moduli space based at infinity. In 
either case, the moduli space of solutions about [A, $] is transversally cut out by 
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the Seiberg-Witten equations on X if the H 2 of the above complex vanishes. (This 
discussion is modeled on the theory developed in f20|j .) 

The space of divisors in a compact, complex surface X admits a deformation theory, 
defined as follows. Consider the pair (<9j, a) where <9j is an integrable <9-operator, 
and a is <9^-holomorphic; i.e. 

Ff = 
d^a = 0. 

This has a deformation complex 

r.o,o > n^en^iE) ► q - 2 ©^ 1 ^) > ft°> 2 , 

whose cohomology groups are identified with the cohomology groups of the quotient 
sheaf S/a, obtained from the short exact sequence of sheaves: 

► Ox — £ ► S/a > 0. 

Theorem 7.8. Let (A, a) correspond to a solution to the Seiberg- Witten equations 
over N , with irreducible boundary values. Then, the cohomology groups of the defor- 
mation complex of the Seiberg- Witten deformation complex are naturally isomorphic 
to the cohomology groups deformation complex of the divisor [d^, a] in the line bundle 
E over R, provided by Theorem |7T3f . When (A, a) has a reducible boundary value, 
then H 2 of the Seiberg-Witten deformation complex is identified with H 1 {R,£/a), 
while the tangent space of the based moduli space is identified with C © H°(R, S/a). 



Proof. This follows exactly as in Theorem 9.14 (for irreducible boundary values) 
and Theorem 10.12 (for reducible boundary values) of [22|. The key observation at 
this point is to note that 

Add+ \a\ 2 : 



T 2 



T 2 



is an isomorphism, which allows one to "unroll" parts of the Seiberg-Witten defor- 
mation complex to identify it with the deformation theory of divisors in N . As in 
p2[ (see also (T^|), we can identify Add with the operator over the cylindrical end 
with 



-2Xt 



0_ 

dt 



at 



Y- 



where A 



Vol(S) • 



According to the theory of [16], the operator 



Add: L 2 



T 2 



is Fredholm for all weights < 5 < AX. In particular, it has the same index for all 
small < 5 as it has on the weight 5 = 2 A, where it can be connected via Fredholm 
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operators to the manifestly self-adjoint operator 

rl**rl- T 2 > T 2 

where d* x denotes the formal A-weighted adjoint of d. It follows from the homotopy 
invariance of the index that Add + \a\ 2 has index zero on L\ s . From the maximum 
principle, it has no kernel, so it induces an isomorphism as claimed, identifying the 
deformation theory of the Seiberg-Witten equations with the deformation theory of 
divisors in N. Passing to the ruled surface then follows from Corollary 9.4 of P2]| . □ 

Proposition 7.9. Let N be a disk bundle over a surface £ with 

£ • £ = -n < 2 -2g, 
endowed with a Spin c structure s with 

n<\(c 1 (s),[Z})\<n + 2g-2. 

Let 

n + 2g-2-|(ciQg),[£])| 
6 2 

Then, the expected dimensions of the moduli spaces over N and Xq are given by: 

(24) e-dimM N (J) = 2e + 1 

(25) e-dimM N (C) = 2e. 

Moreover, M* N (J), M.n(C), are transversally cut out by the Seiberg-Witten equa- 
tions (in particular, they are manifolds of the expected dimension). Furthermore, the 
boundary map 

p: M N (C) — >C 
is an orientation-preserving diffeomorphism onto its image. 

Proof. The deformation theory around a solution [A, a] G M.n(C) is identified 
the deformation theory around a corresponding divisor in the line bundle E with 
(ci(E), [£±]) = e; i.e. with divisors in a line bundle which (topologically) pulls back 
from S. According to Proposition |7.5| , all such divisors actually pull back from the 
base E; and indeed, the deformation theory corresponds to deformation theory of 
degree e divisors in the base E, which is unobstructed. Thus, M.n{C) is a manifold 
of real dimension 2e, transversally cut out by the Seiberg-Witten equations. 

The above transversality applies to M.n(J) as well, except that the expected 
dimension is greater by one, as we saw in Theorem [7.8| . 

This identification of deformation theories of A4 n(C) proves that p is an orientation- 
preserving local diffeomorphism onto its image in Sym e (E) = C. In fact, it is injec- 
tive, as follows. As we saw, any two solutions with the same boundary values actually 
vanish over the same disks (with the same multiplicities). By the usual analysis of 
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the vortex equations, any two such solutions must differ by a complex gauge trans- 
formation; i.e. a function u which satisfies 

K3du+ \a\ 2 {e 2u - 1) = 0, 

where u is a function which decays on the cylinder. By the maximum principle, such 
a function must vanish identically. □ 

Having analyzed the moduli spaces over neighborhoods of E, we close with a some 
general results concerning the rest of the moduli spaces of the complement of S. 



Proposition 7.10. Let Xq be as in Proposition |5. 4 Then, letting e-dim.M (X) = d, 

we have 

(26) e-dimM Xo {J) = d + 2g - 2e - 2 

(27) e-dimM X() (C) = d. 

Moreover, M.x {J), an d Aix {C) are transversally cut out by the Seiberg-Witten 
equations (in particular, they are manifolds of the expected dimension). 

Proof. By a standard excision argument, we have 

e-dimMx (J) + e-dinuMA^) —2g + l = e-dimA^x(s) = d, 
which calculates e-dimJ\4x (JJ), given Proposition [71^. Similarly, we have 

e-dim.Mxo(C) + e-dimM N (C) - 2e = d, 
which gives us e-dimA^x (C)- 



Smoothness of M.x {J) and A4x (C) follows from adapting methods of ||20| . □ 
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8. Perturbations when e = g -1 

In our earlier discussion, we had to exclude one Spin c structure over Y. In this 
section, we introduce a perturbation of the equations which allows us to handle this 
case. We begin by adapting results of Section |] to this perturbed equation, and then, 
we give a discussion which is parallel to that of Section |7]. The perturbations used 
here are analogues of Taubes' perturbations in the symplectic category , |3{J ; see 



also [|15|] for a related discussion. 

Recall that the Seiberg-Witten equations over Y are obtained as the critical points 
of the Chern-Simons-Dirac functional CSD defined over the configuration space 

b(y, w) = A{w) © r(y, W)/Map(Y, s 1 ), 

where A(Y, W) denotes the space of connection in the spinor bundle W which are 
compatible with some fixed connection V on TY. The functional is defined by 



CSD(5, *) = j (B - B ) A Tr(F B + F Bo ) - J (*,P B * 

where Bq G A(Y, W) is some reference connection, B — Bq G fi 1 (y;iR) denotes the 
difference 1-form, and Tr denotes the trace of the corresponding connection on W. 
Its Euler-Lagrange equations (the three-dimensional Seiberg-Witten equations) are 

(28) * Tr(-Fe) - ir(*) = 

(29) p B v = 0, 

where 

r: T(Y,W) -> fi^yjR) 

is adjoint to Clifford multiplication, in the sense that for all 7 G f2 1 (y;R), $ G 
T(Y,W), we have 

(30) i(i 7 .*,*) w = -( 7> r(*))Ai. 

Moreover, its upward gradient flow equations are the usual Seiberg-Witten equations 
on the four-manifold RxF. 

When y is a circle-bundle over a Riemann surface with Euler number — n satisfying 

n > 2g - 2, 

recall that these equations are inconvenient in the Spin c structure when e = g — 1 (in 
the notation of Section |j). We will find it useful to consider a perturbed functional 

CSD„ : B(Y, t) — ► R, 

where u G R, given by 

CSB U (B, = CSB(B, ^)+u J irjA (TiF B - TtF Bq ), 
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where rj is the connection form for Y over E, and the reference connection B satisfies 
Tr(F Bo ) = (i.e. B G J). These give rise to perturbed Seiberg-Witten equations of 
the form 

(31) * Tt(Fb) — ir(\&) + iu(*dr]) = 

(32) = 0, 

whose moduli space of solutions is denoted N U (Y). The gradient flow equations of 
the perturbed functional are solutions to the Seiberg-Witten equations on R x Y, 
perturbed by the self-dual component of iu(drj), which can be collected into moduli 
spaces, denoted -M u (Ci,C 2 ), or their unparameterized versions 

M U (C 1 ,C 2 )=M U (C 1 ,C 2 )/R. 
We have the following analogue of Theorem |4.1| . 

Theorem 8.1. Let Y be a circle-bundle over a Riemann surface with genus g > 
and Euler number —n < 2 — 2g. Let t be the Spin c structure corresponding to 
g — 1 G TLjnL C H 2 (Y\'L). For all u with < u < 2, the moduli space contains 
two components, a reducible one J, identified with the Jacobian torus if 1 (S;R/Z) ; 
and a smooth irreducible component C diffeomorphic to Sym 9 ~ 1 (S). Both of these 
components are non- degenerate in the sense of Morse-Bott. There is an inequality 
CSD u (j7") > CSD U (C) ; so the space M. U (J ,C) is empty. The space M. U (C,J) is 
smooth of expected dimension 2g — 2; indeed it is diffeomorphic to Sym 9-1 (E). 



Proof. Most of this is a straightforward adaptation of p2 |. 

We begin with the identification of the moduli spaces over Y. As in ||22|| , the equa- 
tions over Y reduce to vortex equations over S. More specifically, the components 
of the moduli spaces A/y(t) correspond to line bundles E over S with the property 
that 

^(EoOK-^Eo) = W, 

the spinor bundle of t (here K denotes the canonical line bundle over S). The vortex 
equations are are equations for B G A(E ), a © j3 G T(S, E © K~ l © E ), which, in 
the case at hand, take the form 



(33) 2F B -F K + iu(drj) 

(34) d B a + d* B (3 

(35) a ® p 
Thus, one of a or j3 must vanish. In fact, 

deg E = g- 



= *(M 2 -|/ 
= 
= 0. 

in our case, 
1 (mod n). 



2 )(*1) 



In fact, if 



deg E Q j£g 
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then the solution space to these equations (0 < u < 2) is empty. More specifically, 
letting deg E Q = g — l+n£, we see that when (3 ^ 0, then by integrating Equation (|33|) 
over E against i/2tt, we get 



2(g - 1 + n£) - (2# - 2) + u deg K = 2n£ — un > 0, 



which forces £ > 1 (since u > 0). Since in this case deg(-Eo) > g — 1, -H 1 ^, -Eo) = 0, 
so (3 must vanish. If, on the other other hand, it is a ^ 0, then we obtain in the same 
manner that 



2n£ -un<0 



which forces £ < (since u < 2). Since a represents a class in H°(E, E ), it follows 
that £ = 0. 

So, all irreducibles correspond to a-vortices in the line bundle E with degE Q = 
g — 1. The identification of this space of vortices with the symmetric product follows 
from M (see also HI). 



Non-degeneracy of the irreducible manifold C follows exactly as in | 22|| . To see 
non-degeneracy of J, we appeal to results of Section 5.8 of p2| . Consider the Dirac 
operator on the Spin c structure with spinors W = E <g> (C © K' 1 ) with connection 
induced from a connection B e ^(i?) whose curvature pulls up from E. It is shown in 



Proposition 5.8.4 of [[22j that this Dirac operator admits no harmonic spinors unless 
the holonomy around a fiber circle in Y is trivial. In fact this holonomy is trivial 
when the following integral is congruent to g — 1 modulo nZ: 



„ wdeg(y) 



r 
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(we have used here Equation (|3lD). Since < u < 2, this holonomy is non-trivial, 
so the reducibles admit no harmonic spinors, i.e. J is smoothly cut out by the 
equations. 

We now perform the Chern-Simons calculations (see the proof of Proposition 5.23 
of H). Suppose [(S a , * a )] G C, and [(B , 0)] G J. Then, we have 



2deg5 - deg K + m deg(y) = 0; 

2 deg #i - deg K = 0, 
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where by degB, we mean the integral j Y F B A rj, which when B is induced from 
a line bundle over £, agrees with the degree of that line bundle. So, 

CSD„(S 1 ) = J {B x - B ) A (2F Bl + 2F Bo - 2F K ) +u J if] A (2F Bl - 2F Bo ) 

= t~^7 ( de § B ^ ~ de S B o) ( de § S i + de § B o ~ de § K ) 
deg Y 

+ujir)A (2F Bl - 2F Bo ) 

= 27rVdegF, 

which is negative; while CSD U (B ) = 0. 

The smoothness of the space of flows, and its identification with the symmetric 
product, follows exactly as in the unperturbed case (see Section f|). □ 

We now turn to the neighborhood of E. We use a perturbation over iV which is 
compatible with the above perturbation over Y . Specifically, let 

/: N — ► R 

be a smooth function which is identically zero on the complement of the cylinder 
[0,oo) x Y C N, and identically one on the subcylinder [1, 00) x Y. We consider 
the Seiberg-Witten equations perturbed by the self-dual part of iuf(drj). Note that 
this perturbing two-form is iuXf times the (1, 1) form of the standard cylindrical-end 
metric on iV (see |[24||), where 

_27rdegF 
~ ~ Vol(S) 

(here, Vol(S) denotes the volume of S). Similarly, we can extend the perturbation 
over Y to a self-dual two-form perturbation of the equations over X (and, conse- 
quently, X(T) to all T > 2). Denote the corresponding moduli spaces by M.n,u(<J), 
M n,u(C), M.x Q ,u{J)-, -Mx ,u(C), and A4x(t),u- Strictly speaking, we still have to 
show that these perturbed moduli spaces J^Ax(T),u(s) can be used to calculate the 
Seiberg-Witten invariant in either chamber. This is clear because we can always 
choose a compactly-supported perturbing two-form r] whose integral against u g dom- 
inates the integral of uj 9 against iuf(dr]) + . The key point is that the latter integral 
is finite, since u> 9 decays exponentially (see [0]). 



We now have the following analogue of Proposition |0 



Proposition 8.2. Suppose (ci(s), [£]) = n, and let u be a real number with < u < 
2. Then the perturbed moduli space M.n,u{<J) contains only reducibles. Moreover, the 
space of reducibles is smoothly identified with the Jacobian torus J (i.e. the kernel and 
the cokernel of the Dirac operator coupled to any reducible vanishes). Furthermore, 
■Mn,u(C) is empty. 
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Proof. We begin by proving M.n,u{C) is empty. Note that C consists entirely of a- 
solutions, hence so must any section in M.n,u{C). Thus, a solution (A, a) G M.n,u{C) 
induces a non-zero element in H°(E) with 

(ci (£),[£_]> =n + g-l and ( Cl (% [£+]) = g - 1. 



But H*(R, E) = 0, according to Proposition |7.5|. The same argument, now appealing 



to Theorem shows that ■M*n u {J') is empty, and that J is smooth. □ 
Proposition 8.3. Suppose that 

( Cl (s),[S]) = -n, 

and let u be any real number with < u < 2. Then according to Theorem \8. 1\ , 
N" u (s\y) has two components, J and C , where C is diffeomorphic to Sym 9_1 (S). 
Furthermore, the expected dimensions of the moduli spaces over N and X are given 
by: 

(36) e-dimM N , u (J) = 2g - 1 

(37) e-dimM NtU (C) = 2g - 2 

(38) e-dimMx ,u(J) = 2d 

(39) e-dimM Xo ,u( C ) = 2d - 

Moreover, -M*n u (J), M.n,u{C), M.x ,u(J), and M. Xou {C) are transversally cut out 
by the Seiberg-Witten equations (in particular, they are manifolds of the expected 
dimension) . Furthermore, the boundary map 

p: M N , U (C)^C 

is an orientation-preserving diffeomorphism onto its image. 



Proof. The proofs of Propositions [f]9] and |7.10| apply directly in this perturbed 
context. □ 
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9. COHOMOLOGY 

The Seiberg-Witten invariant is obtained from pairings of certain canonical coho- 
mology classes on the Seiberg-Witten moduli space. These cohomology classes are 
inherited from the configuration spaces in which the moduli spaces live. In this sec- 
tion, we recall the definitions of these classes and discuss natural geometric represen- 
tatives for them. (See Chapter 5 of M for the corresponding discussion of cohomology 
relevant to Donaldson invariants.) 

Let X be a Riemannian four-manifold with a Spin c structure s specified by the 
pair of Hermitian C 2 bundles W + and W~, and the Clifford action 

p: TX® W + — ► W~. 

The Seiberg-Witten pre-configuration space is the space 

C(W + ) = A{W + ) x T(X; W + ) Q}{W] R) x T(X; W + ), 

where *4.(W + ) denotes the space of connections compatible with some fixed connec- 
tion V on TX, and the isomorphism above is induced by comparing any connection 
A against some fixed connection Aq. The irreducible pre-configuration space C*(W + ) 
is the subset of C(W + ) consisting of pairs (A, $), where $ ^ 0. Now, C*(W + ) is 
weakly contractable, and the space Map(X; S 1 ) acts freely on it, so the irreducible 
configuration space, which is 

B*(W + ) = C*{W + )/M&p{X- S 1 ) 

is weakly homotopy equivalent to the classifying space of Map(X; S* 1 ). Now, 

Map(X; S 1 ) ~ Map(X; S^e x 7r (Map(X; S 1 )) ~ S 1 x H\X; Z); 

so 

B(W+) ~ CF°° x H1{X]R) 



H^x-zy 

and 

H*{B{W + ); Z) = Z[U] ® A*H\X; Z), 

where U is a generator with grading two. More invariantly, we define 

A(X) = Z[H (X; Z)] ® A*Hx(X; Z), 

graded by declaring H (X; Z) to have grading two and Hx(X; Z) to have grading one. 
Then, we have seen that 

H*(B(W + );Z) = A(X). 

We describe two functorial mechanisms for constructing generators in H*(B*(W + ); Z) 
Over the space X x B*(W + ), there is a universal line bundle £ = X x S 1 x 
C* (W + ) /Map(X ', S 1 ), where the action is defined by 

u(x, C, A, $) = (u, u(x)(, A + u~ l du, 
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Using this class we can define a "//-map" 

//: (H ® H^X;^) ^ H*(B*(W + )), 
which sends a homology class of degree % to a cohomology class of degree 2 — i, by 

= ci(£)/x; 

i.e. is the cohomology class on B*(W + ) with the property that for any homology 
class c G H*(B*(W + )), 

(fj,(x),c) = (ci(C),x x c). 
We describe another convenient mechanism for constructing one-dimensional co- 
homology in C(W + ) as follows. A closed curve x: S 1 — > X induces a map 

Eo\ x : B(W + ) — ► S 1 

which is defined to be the holonomy of the connection A around the curve x. The 
pull-back of the volume form d6 of S* 1 by this map gives rise to a one-dimensional 
cohomology class Hol*(d#) associated to x, which we call the holonomy class around 
x. 

Proposition 9.1. The cohomology groups of the configuration space B(W + ) are gen- 
erated by the image of the fi-map. Moreover, given x e Hi(X;Z), fi(x) is the holo- 
nomy class around x, Hor x (d9)\g*^ w+ y 

Remark 9.2. Note that Ho\* x (d9) is naturally defined over the entire configuration 
space 

H l (X;R) 



B(W + ) = C(W + )/Map(X, S 1 ) 



H\X;Z) 



Proof. We begin by proving the second claim. Note that C comes with a tautological 
connection along the X factor, with the property that for any path f3 : S 1 — > X and 
connection A e C(W + ), 

(40) Hol^ xA (£) = Ro\p(A). 

C{W + ) Now, fix a path in X, 

(3: S 1 >X. 

We need to show that for all paths in the configuration space 

a: S 1 — > B{W + ){s), 

we have that 

(ci(£),a x 13) = deg(Ho^oa: S 1 — > S 1 ). 

This follows from the fact that for a line bundle L over the the torus S 1 x S 1 , the 
first Chern number is the degree of the map from S* 1 x S* 1 defined by 

x ^ Hol xx5 iL 
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(a map which makes sense only after one puts a connection on L, but the degree 
is independent of this connection, so we left it out of the notation), together with 
the universal property of Equation (ffl). Thus, we have identified /i on any one- 
dimensional homology class. 

The rest of the proposition is established, once we see that for a point x G X, fj,[x] 
generates H 2 of the configuration space. But this follows easily from the fact that 
Map(X, S' 1 ) e acts freely on the space of irreducible configurations. □ 

With this concrete understanding of the /z-classes, we turn to a discussion of sub- 
manifold representatives for them. 

Given a point let C x denote the line bundle associated to the base fibration 

of X; i.e. it is the restriction of the universal line bundle £ to the slice B*(W + ) = 
{x} x B*(W + ) C X x B*(W + ). Given a point in the fiber V(x) G W+, we can 
construct a canonical section over B(X, W + ) by 

[A,$]»[A,$,(*{x)Mx))]- 

The zero set of this section in B(X, W + ) is a codimension-two submanifold represent- 
ing n[x\. The restriction of this section to a moduli space M.x(s) C B(X,s) is not, 
in general, transverse. However, by mollifying the construction appropriately, we can 
find a section which is generic over the moduli space, and hence obtain a divisor V(x) 
representing fi[x], as follows. 

Definition 9.3. Fix a ball B C X around x and a non-vanishing section ^ oJW + \b- 
Given a self-dual two-form A which is compactly supported over B, the A-mollified 
section is the section of C x defined by 

[A,$]»[A,$, [ (A •$,*>]. 
Jb 

Lemma 9.4. There are L 2 sections A compactly supported in B so that the X-mollified 
section of C x , restricted to the moduli space M.x, vanishes transver sally. 

Proof. Fix a compactly-supported cut-off function (3 in B, and consider the section 

x Ak [A,$, I (A - 
Jb 

of -kI(C x ), thought of as a line bundle over Q + (B) x M{X,s), giving Q + (B) the L 2 
topology. This transver sality follows from the fact that, for any [A, $] G Aix, as 
we vary A, the integral / B (A • $, \I/)/3 can take on any complex value. This, in turn, 
follows from the unique continuation theorem for elliptic differential operators, which 
guarantees that the section $ cannot vanish identically over B. □ 
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Remark 9.5. In effect, the above lemma tells us how to construct a divisor repre- 
sentative V(x) for fi[x] when [x] e Hq(X); this divisor is represented by the zero-set 
of the X-mollified section of C x . Finding codimension-one representatives for fJ>[y], 
where 7 G Hi(X) is even easier: one need only find a regular value 9 for the map 

Hol 7 : M x (s) -> S 1 . 

Then, Hol~ 1 (^) is the submanifold V{^) representing ^[7] over M.x{s). 
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